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PRELIMINARY NOTE ON THE SPECTRAL ENERGY 
SENSITIVITY OF PHOTOGRAPHIC MATERIALS* 


By Loyp A. Jones anp A. L. SCHOEN 


An enormous amount of work has been done in the past on the 
measurement of the sensitivity of photographic materials. In almost 
all cases, however, the sensitivity or speed has been expressed in terms 
of light, that is, the visual evaluation of radiant energy. The literature 
of the subject contains but few data relative to the actual amount of 
energy required to form the latent image. The expression of sensi- 
tivity in terms of energy units is especially desirable from the theoretical 
standpoint. To deal adequately with this problem, it was found 
necessary to design and construct a special sensitometer for the purpose. 

In order to determine the best form of apparatus for this purpose, it 
was necessary to make a few preliminary measurements from which 
the optical and mechanical details could be intelligently decided upon. 

These measurements gave some information as to the energy sensi- 
tivity of one particular plate and as this is of considerable interest it 
is deemed advisable to make a preliminary report at this time. 

As a source of radiation, a tungsten ribbon in a gas-filled bulb was 
used. Dispersion was obtained by means of a Hilger quartz mono- 
chromatic illuminator. Energy measurements were made with the 
Hilger linear thermopile in conjunction with a Leeds and Northrup 
high sensitivity galvanometer. 

The thermopile was mounted at the ocular slit of the illuminator so 
as to measure the total flux of energy coming through the ocular slit 
of the instrument. 


* Communication No. 166 from the Research Laboratory of the Eastman Kodak Com- 
pany. 
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When making the photographic exposures, the thermopile was re- 
placed by a quartz lens which formed an image of the telescope objec- 
tive on the photographic plate. This lens was of such size as to include 
the entire slit and with the exception of losses by reflection all of the 
energy coming through the slit was focused on the photographic plate. 
The area of this image was carefully measured so that the energy 
density on the plate plane could be determined. 

The thermopile in position behind the slit and the galvanometer 
were calibrated by means of radiation standards certified by the 
Bureau of Standards. A carefully calibrated focal plane shutter was 
used to time the exposures. The infra red region was absorbed by a 
water cell and great care was used in shielding the thermopile and 
photographic plate from stray radiation. A Seed 30 plate was used 
and exposures varying in time were given at each wavelength so that 
a density-exposure time curve could be plotted. All plates -were 
developed to the same extent (gamma =1.0 approx.). From the curves 
for each wavelength the value of ¢ (exposure time) and hence of total 
energy incident upon the plate to give a density of unity was deter- 
mined. In the following table results obtained are tabulated. 


TasBLe 1* 








» A B Cc 





16.5 405 x 10° 37 
440 11.2 283 x 10° | 26 


| 
400 24.6 605 x 10-8 | 55 erg/sec 


460 6.5 163 x 10% 15 











* Column A is the galvanometer deflection in mm. 
B is total energy flux (watts) passing through slit. 
C is total energy flux in ergs per second incident on the plate assuming 8% 
lens loss. 


D is exposure time in seconds to give the D = 1.0. 
E is total energy in ergs incident on plate to give D = 1.0 and gamma = 1.0. 
F is energy density in ergs per square cm for D=1.0 and 7 =1.0. 

If we assume as a value of k=6.56X10~’ and substitute in the 
equation Q=hy where Q is the quantum value and » is frequency of 
radiation, we may compute this energy in quanta as shown in 
Table 2. 

The values obtained check fairly well with those reported by 
G. Leimbach,' who found a value of 0.6 ergs per square cm. This is 


4 Sensibility, Absolute, of KBr Gelatine Plates to Light of Different Wavelengths, 
Zeit. Wiss. Phot., 7, p. 157-181. 
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TABLE 2* 








d G H 





400 ; 4.92 x 10-" 4.4x 10" 
: 4.69 x 10™™ 4.0 x 10 
440 : 4.47 x 10" 4.0 x 10° 
460 ; 4.23x10™" 2.8 x 10” 




















* Column F is energy in (ergs/cm*) (D=1.0 +=1.0). 
G is ergs per quanta. 
H is quanta per cm* (D=1.0 y=1.0). 
I is quanta per wp? (For D=1.0 y=1.0). 
K is inertia of the Seed 30 plate in quanta per square micron. 


the amount of energy required to obtain a density of 1 on a Schleussner 
plate, using a fairly narrow band of radiation having a maximum at 
450up. Taking into account the possible variation in the sensitivity 
between the particular plates used by Leimbach and those used by the 
authors, the agreement is very satisfactory. 

In expressing the speed of a photographic plate, it is usually the 
practice to extend the straight line portion until it cuts the log E axis. 
. The value of exposure at the point of intersection is referred to as the 
inertia, and speed is expressed as proportional to the reciprocal of this 
value. From the values obtained, it is possible now to express the 
inertia in terms of energy units. The values given in column 1, 
Table 2, are those required to produce a density of unity when the 
plate was developed to a gamma of unity. Hence by dividing these 
values by ten, an expression of the inertia in terms of energy is obtained. 
These values are given in column K, Table 2, and are in terms of 
quanta per square micron. 

It may be of interest to know the amount of energy incident upon 
grains of various sizes. A large amount of work has been done by 
various investigators on the size, shape, and distribution of the silver 
halide grains in photographic emulsions.? It has been shown that these 


* Hodgson, M. B., Physical characteristics of elementary grains of a photographic plate. 
J. Frank. Inst., 184, p. 705; 1917. 

Wightman, E. P., and Sheppard, S. E., The size-frequency distribution of particles of 
silver halide in photographic emulsions and its relation to sensitometric charac- 
teristics J. Phys. Chem. 25, p. 181; 1921. 

Wightman, E. P., and Sheppard,S.E. The size frequency distribution of particles of 
silver halide in photographic emulsions and its relation to sensitometric characteris- 
tics II. The methods determining size-frequency distribution, J. Phys. Chem. 
25, p. 561; 1921. 
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grains are in many cases flat, hexagonal or triangular plates having a 
thickness to 1/10 or 1/15 of their greatest lateral dimension. Silberstein 
has shown’ that if a probability distribution of orientation in a coated 
emulsion be assumed the drying down process tends to cause these 
plates to lie with their principal plane approximately parallel to the 
plane of the support. From the standpoint of exposure, the size of a 
grain is most effectively specified by stating the area of its projection 
on a plane perpendicular to the direction of incidence of the exposing 
radiation. In most cases this direction may be assumed as normal to 
the plane of the support. In most researches, the grain sizes are 
specified in terms of those projective areas. Grains varying enormously 
in size are found in various emulsions. The projective areas (expressed 
in square microns) tabulated in Column 2 of Table 3 include the great 


TABLE 3 








I II Ill 
Diameter (yz) Area (*) Quanta (420uy) 
per grain 





25 


0494 

196 

. 187 
3.14 
7.08 
12.6 
19.6 


0 x10 
8 X10! 
1 X10" 
25X10 
83X10 
.05 X16 
8 X10 
28.6 -15X10 
38.6 .53 10" 
50.3 2.0010" 
63.8 2.5510 
78.7 3.1010" 
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.00 
.00 
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.00 
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majority of grain sizes occurring in ordinary emulsions. Assuming that 
the projective areas are circular (which of course is only a very rough 
approximation to the truth), the diameters (in microns) corresponding 





Trivelli, A. P. H. and Sheppard, S. E. The silver bromide grain of photographic emul- 
sions. Published by the Eastman Kodak Company. 

Slade, R. E. and Higson, G. I. Photochemical investigations of the photographic pm. 
Proc. Roy. Soc., p. 154; Nov. 1920. 

Svedberg, T. On the relation between sensitiveness and size of grain in photographic 
emulsions. II. Phot. J., p. 186; April, 1922. 

Svedberg, T., and Andersson, H. On the relation between sensitiveness and size of 
grain in photographic emulsions. Phot. J. p. 325; Aug. 1921. 

* Silberstein, L., The orientation of the graihs in a dried photographic emulsion. Jour. 

Opt. Soc. Amer. 5, No. 2, p. 171; March, 1921. 
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to the areas in Column 2 are given in Column 1. If now we take the 
value of 4.0 x 10? quanta per square micron (the value found for 
}=420uy), the values in the third column may be computed. These 
values represent the number of quanta incident upon the grains of 
various projective areas in the case of an exposure sufficient in magni- 
tude to yield a density of unity when developed to ¥ of unity. 

In closing the authors desire to point out that the values reported 
in this paper are of a preliminary nature and that further measurements 
are required to confirm their validity. No claim of extremely high 
precision is made for the values reported but they certainly are of the 
right order of magnitude although it is possible that they are subject 
to errors as great as 25 or 50 percent. The further work contemplated 
along these lines will definitely establish the relation between the wave- 
length and sensitivity and also between wavelengths and contrast. 


Rocuester, N. Y. 
DecemBer 12, 1922. 
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Polarized Resonance Radiation of Mercury Vapor.—When 
light of the wave-length 2536 A, emitted by mercury vapor in the 
arc, falls upon mercury vapor, light of the same wave-length is 
radiated in all directions. This so-called resonance-radiation can be 
detected even from the very rarefied mercury vapor existing at room- 
temperature in a bulb containing some liquid mercury; and it is now 
found to be polarized if the exciting light is polarized. But the polariza- 
tion vanishes if molecules of some other gas are mixed into the mercury 
vapor, or if additional mercury atoms are introduced by heating. 
This suggests that the re-radiated light is polarized, provided that 
nothing happens to the mercury atom in the interval between the 
moment when it absorbs the exciting light and the moment when it 
emits the secondary radiation; but collisions with other atoms during 
the interval perhaps change the orientation of the atom. Only a 
narrow range of frequencies near \2536 is absorbed by mercury-vapor 
and excites resonance-radiation; and if a beam produced by a hot 
high-pressure mercury arc, the line 2536 from which is very much 
broadened, is sent through two chambers of mercury-vapor in suc- 
cession, the mercury vapor in the first chamber absorbs all the radia- 
tion from the centre of the broad line, and the mercury in the second 
chamber, although receiving most of the energy of the broad line, is 
not excited at all. It is a curious fact that if helium or argon is mixed 
into the vapor in the second chamber, it becomes susceptible to this 
radiation from the edges of the broad line, and emits resonance- 
radiation; so that either of these gases will often increase the intensity 
of the resonance-radiation while cutting down its polarization. Like 
a solid metal, mercury vapor reflects powerfully the light of frequen- 
cies which it absorbs; a beam of 2536 projected upon a quartz bulb is 
much more strongly reflected from the inner surface of the quartz 
wall when the bulb contains mercury vapor, than when it is evacuated 
by condensing the mercury. [Wood, R. W., Phil. Mag. 44, pp. 1107- 
1111; 1922.] 

Kart K. Darrow 





ABOLITION OF ASTIGMATISM OF OBLIQUE BUNDLES IN’ 
CASE OF A SINGLE LENS 


By James P. C. SourHALL 


Certain errors have been found in some of the formulae in the paper 
published under the above title in the Journal of the Optical Society of 
America, 5, pp. 398-409; and the numerical results obtained by these 
formulas are also more or less incorrect. In Vol. 6, p. 292 attention 
was called to one of these errors, namely, to the fact that in the expres- 
sion for Bin the formula on page 402 of Vol. 5, the symbol F within the 
braces should be deleted. The other errors occur in formulas (3), 
(4) and (5), p. 404, which are to be corrected as follows: 

(1) In the second line of equation (3) the coefficient of aS: should be: 

—2(n’c¢+2nc+1). 
(2) Equation (4) should be corrected to read as follows: 
{(F3—X)e2+(n—1) (n?—nF,—F 2+ %)c—n%(n—-1)}S2 
+2{(Fe—X)eF,—(FY—X+VFijct+V}Si 
—(1—cF,) {(1—cF,)X+cF,*} =0, (F=1, Ui=0). 
(3) The first line of equation (5) should read as follows: 
(F2—X) (Si + F,)*’. 

Consequently, nearly all the numerical results found on pages 406- 
408 will also have to be corrected. Thus in the first example on page 
406 the following corrections are necessary: 

Page 406 
Line 5: logA =2.0694845 —, logB =2.7140811 — 
Line 19: F; = +2.73785 dptr., (F =1 dptr.). 
Line 23: F,;= +10.95140 dptr., F: = —7.10497 dptr.; 
Line 24: Radii: r; = +47.4825 mm, r2= +73.1882 mm; 
Line 25: A,}H=—3.5058 mm, A,H’ =—5.4037 mm, AZ’ = + 27.2781 mm. 
Line 31: Z’’Z’=+0.77 mm. 
Line 33: P’Q’ = —3.24 mm. 
In example (2), make following corrections: 
Page 406, last line: Ai1Z = +33.6135 mm. 
Page 407: 
Line 2: F; = +11.6123 dptr., F; = —6.5230 dptr.; 
Line 3: Radii: r; = +48.9998 mm, r2= +79.7176 mm; 
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Line 4: A,H=— 3.5639 mm, A;H’=— 5.7980 mm, A.Z’ =+ 25.7078 mm. 
Line 6: Z’’Z’ = +0.8767 mm. 
Line 7: P’Q’ =+0.6059 mm. 

Lack of space prevents giving here the corrections of the numerical 
results in the other examples on pages 407 and 408. 





INSTRUMENT SECTION 


THE PROJECTION OF POLARIZED LIGHT PHENOMENA 
By Lioyp W. Tayior 








The simpler phenomena in polarized light furnish a beautiful and 
instructive field for lecture presentation in elementary college physics. 
Unfortunately there seems to be a scarcity of facilities for easy demon- 
stration of this subject before large groups. Polariscopes designed for 
projection purposes have been constructed and used at various times in 
the past; but for certain reasons possibly connected either with cumber- 
someness of form or expense of manufacture, have not come into general 
use. A device for projecting polarization phenomena on a scale appro- 
priate for presentation before classes as large as several hundred and 
which is both simple of form and convenient of operation is presented 
herewith. 

The essential features of the appliance in the form which has been 


found most convenient, are illustrated in Fig. 1. Two glass plate 


Fic. 1. Side elevation of projection polariscope. 


piles, P and A, preferably somewhat larger than those usually associated 
with the Norrenberg polariscope, are mounted at the polarizing 
angle, each in a section of telescope tubing of approximately four and 
one-half inches diameter. One of these sections should be sufficiently 
smaller than the other to permit a “telescoping” action. The smaller 
section should be fitted with a handle or knurled collar (C of Fig. 1) 
to facilitate rotating it within the larger. 

The polarizer and analyzer thus constructed may be mounted in 
front of the condensing lens of an ordinary stereopticon and specimens 
to be projected placed between them. When used in this way, the 
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device is capable of projecting all of the phenomena ordinarily observed 
in elementary experiments with the conventional types of polariscope. 
Two points concerning its manipulation should perhaps be mentioned. 
First, the incident light must be sensibly parallel, a condition usually 
necessitating special adjustment of the condenser. Second, the usual 
stereopticon objective is not suited for use with this device. The 
aperture is insufficient and the focal length usually too short. A simple 
converging lens of appropriate dimensions is found to perform the 
functions of an objective quite satisfactorily. This lens is represented 
at L of Fig. 1. 

Provision must be made at some point between the polarizer and 
analyzer for the introduction of a slide to carry the specimens to be 
projected. The variety in size and shape of these specimens renders 
rather troublesome the design of a slide which will accommodate them 
all. The slide represented in end elevation in Fig. 2 has been found 























Fic. 2. Specimen holder. Fic. 3. Projection of rings and brushes. 


capable of accommodating most of the specimens associated with 
elementary experiments in this field. It represents a mounted glass 
plate, G, against which specimens may be clamped by the springs, S. The 
ingenuity of the reader will doubtless suggest improvements upon 
this holder. The accommodation of excessively thick specimens will be 
facilitated by cutting away the side of the tube in the way indicated in 
Fig. 1. 

For projection of the rings and brushes produced when convergent 
plane polarized light passes through a crystal cut perpendicularly to 
the optic axis, a confocal pair of lenses (convergent-divergent) will be 
found convenient. (See Fig. 3.) The two lenses and the crystal may 
be mounted in a single cell, to fit as a unit into the slide of Fig. 2. 
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For those to whom the equipment is available, microscopic projection 
with the aid of a petrographic microscope will probably be found 
preferable, however. 

Recent work of the type described by Coker' on the determination 
of stresses in bridge members by observation of the colors produced in 
polarized light in transparent models placed under stress, constitutes 
an application well worthy of attention. A clamp for illustration of 
the principle involved will be found pictured in Fig. 4. The color 
phenomena are the most marked when the line of the stress makes an 
angle of forty-five degrees with the plane of polarization. In general, 
xylonite models show the effects of stresses more strikingly than 
glass. 








{ON 























Fic. 4. Clamp for producing strain in transparent specimens. 


The number of plates to constitute the polarizer and analyzer will 
depend somewhat on the intensity available in the source of illumina- 
tion. For an arc, the full number (about fifteen) constituting the usual 
plate pile may be used. For a less intense source, such as a gas-filled 
incandescent lamp, a smaller number is advisable, sacrificing complete- 
ness of polarization to the securing of a sufficiently intense image. 
The optimum number should be determined by experiment. 

It is, of course, entirely possible to effect the projection of these 
phenomena without any special equipment. However, to assemble 
the apparatus necessary in such a way that it may be used as a single 
unit, will prove a very great convenience. In fact, with such a device 
at hand, the preparation of a set of demonstrations on polarized light 
is no more arduous than the arrangement of a set of slides for an 
illustrated lecture. The projector which has been described is moreover 


! Coker, Gen. Elec. Rev. 23, p. 870 et seq.; 1920. 
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easily made, requiring no more equipment than that which may be 
found in the average small machine shop. 

The writer takes pleasure in expressing his indebtedness to Mr. 
Fred Pearson for a number of practical suggestions concerning details 
of construction of the device described herein. 


RYERSON PuysicaL LABORATORY, 
Tse University or CHICAGO. 





AN OPTICAL ALTITUDE INDICATOR FOR NIGHT LANDING* 
By Joun A. C. WARNER 


That practical commercial aviation has come to stay must be 
admitted by even the most skeptical. The rapid advance which the 
past few years have witnessed is unmistakably the forerunner of greater 
activity in this comparatively new field of communication and trans- 
portation. It is‘at once evident, however, that the greatest benefit 
cannot be derived from the use of aircraft as commercial carriers unless 
their operation can be extended over the full twenty-four hour day; 
for their inactivity during the hours of darkness robs them to a great 
extent of their advantage over the systems of ground transportation. 

For this reason the problem of flying at night and under other 
conditions of low visibility is now demanding the attention of many 
aeronautical experts. We must equip our airways and aircraft with 
suitable means for surmounting the obstacles offered by these adverse 
conditions. This of course involves the installation of markers and 
beacons to clearly define the routes and fields, and also the equipping 
of aircraft with suitable instruments for navigation and landing. One 
of the most ingenious of the devices intended for use in night landing, 
especially emergency landing, is a very simple optical instrument known 
as the Jenkins night altitude indicator. 

Referring to Fig. 1 we note three projectors, A, B, and C, each of 
which is equipped with an incandescent lamp properly mounted at the 
upper extremity to project a beam of light downward through the tube 
to the ground or water upon which a landing is to be made. Two of 
these projectors, B and C, are attached rigidly and parallel to each 
other to the side of the aircraft, while the third, A, is made rotatable 
(upon rails D and E) through a certain angle in a plane parallel to the 
fore-and-aft axis of the ship. Motion of A is brought about by the 
aviator who manipulates a hand-wheel operating through a pinion 
mating with rack F. 

Projectors B and C are each equipped with an object screen which 
provides a characteristic image on the landing surface; as shown in 
Figs. 2 and 3, a rectangular bar is projected by B and two blunt arrow- 


* Published by permission of the Director of the Bureau of Standards of the U. S. Depart- 
ment of Commerce. 
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heads by C. The ground image from A is the altitude figure repre- 
senting the particular altitude for which the projector is set. 

In determining the altitude of the aircraft the pilot simply turns the 
wheel attached to the pinion mating with rack F until the light-beam 
from A intersects that from C at the landing surface. As A rotates, a 
toothed metal disc G attached to A and extending through the walls 
of the projector tube into the light-beam is caused to rotate in a 











Fic. 1. Jenkins night altitude indicator. 


definite manner by virtue of the action between the teeth of G and 
those of the fixed rack with which they engage. The rotating disc 
acts as a rotatable object screen, for it is pierced by openings in the 
form of the altitude numerals corresponding to the particular setting 
of the projector. Thus it is that the image seen upon the landing 
surface between the arrowheads projected by C is that of the altitude 
numerals cut in G, through which the light passes. 
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The altitude may also be observed on the transparent scale H, for 
an opening in the case containing the illuminating element of A allows 
a beam of light to fall upon the scale graduation which corresponds to 
the particular setting of the projector at which the ground images 
are seen to meet. The intersecting beams (from A and C) form two 
sides of a triangle whose altitude, determined with the instrument, is 
also that of the aircraft above the landing surface. 
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Fic. 2 


Inasmuch as 50 feet is the lowest direct indication of altitude for the 
instrument described, the illuminated bar image projected by the fixed 
source B is employed in estimating altitudes of less than 50 feet. eit 
will be seen that as the aircraft approaches the ground with all three 
projectors stationary and with “A” in its lowest extreme position, the 
numeral “50” will move from the arrowheads toward the bar image. 
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The prevailing altitude is then estimated by observing the position of 
the altitude image with respect to the bar and arrowheads. For 
example, an altitude of 25 feet would be indicated when the numerals 
were observed midway between the other two images as shown by 
figure 2. The maximum direct indication of the instrument is 500 
feet (see Fig. 3). 
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Fig. 3 


The night altitude indicator described has been used in Great Britain. 
Tests of the instrument conducted in this country have shown satis- 
factory results.’ 

The Germans have developed several types very similar in principle 
to the Jenkins device. One of the most interesting of these involves 


1 Bureau of Standards tests conducted in flight and in the laboratory by A. H. Mears 
and J. B. Peterson. 
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the projection of a. beam downward and forward from a light-source 
fixed to the tail of the aircraft. Diffusely reflected rays are in turn 
thrown upward from the landing surface and pass through an optical 
arrangement in the cockpit where the pilot may observe his altitude 
by noting the position of a spot of light against a transparent scale. 

Various possible modifications and improvements of the above 
instruments are readily apparent. For example, the Jenkins indicator 
might be simplified by omitting the second projector (B) whose advan- 
tages are of doubtful importance; for at altitudes below 50 feet a pilot 
would generally prefer to watch the landing area ahead of him rather 
than to observe the ground images and estimate their relative positions. 

Further simplification might be effected by having both projectors 
(A and C) fixed to the aircraft in definite positions. In this case the 
beams of light would intersect at the landing surface for only the one 
chosen altitude to which the arrangement had been adjusted. Other 
altitudes might be estimated by noting the separation of the images. 
For such purposes it would be desirable to have the projected images 
characteristic of their source; otherwise difficulty would arise in readily: 
determining whether the forward or aft image was leading. 

To the writer’s knowledge no tests have been conducted in this 


country to determine the characteristics of the German adaptations as 
mentioned above. However, one might reasonably doubt the feasi- 
bility under all conditions of using the diffusely reflected rays from a 
landing surface for other than direct observations. 


BuREAU OF STANDARDS, 
WasurncrTon, D. C. 
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Polarization of the Light Scattered by Mercury Vapor 
Near the Resonance Periodicity.—In this work Rayleigh wished to 
establish the strong contrast between ordinary scattering of light 
by atoms not having any natural frequency close to that of the light, 
and the scattering of light at and near 42536 by mercury atoms having 
a pronounced natural frequency at that point. The former is almost 
completely polarized when observed in the direction normal to the 
primary beam; which is an obvious consequence of the interpretation 
that the electric vector in the primary beam seizes upon some free 
electrified particle in the atom and sets it into synchronous vibration 
parallel to its direction. The light of wave-length 2536 scattered by 
mercury atoms bathed in light of the same or nearly the same wave- 
length is, however, almost entirely unpolarized. When the primary 
beam has flowed through a layer of mercury vapor (at the low density 
corresponding to room-temperature) several cm deep, the central part 
of the 2536 line (a narrow range only about .01 Angstrom wide) is 
absorbed completely. The eccentric parts of the line excite a rather 
small amount of scattered light, and this light is more highly polarized; 
the indication is, that absolute synchronism between the exciting 
light and the natural frequency of the atom results in light which is 
quite unpolarized; while when the primary light has a different, even a 
slightly different frequency from the atom, the scattered light is polar- 
ized. (Wood, however, in the paper reviewed elsewhere in this number, 
finds no variation in the state of polarization of the light radiated 
from different parts of the path of the beam.) Visible light scattered 
by mercury atoms is almost completely polarized. The luminous par- 
ticles were not perceptibly dragged along by a current of mercury 
vapor: flowing across the primary beam with a speed estimated at 
about 10° cm/sec. The resonance radiation is totally obliterated by 
residual air. [Rayleigh (Lord). Proc. Roy. Soc. 102A, pp. 190-196; 
1922.] 


Kart K. Darrow 





AN INSTRUMENT (DENSITOMETER) FOR THE MEASURE- 
MENT OF HIGH PHOTOGRAPHIC DENSITIES' 


By Loyp A. Jones 


One of the instruments of importance in the testing of photographic 
materials and in photographic research, is that used for measuring 
the amount of light absorbed by the photographic deposit. Such 
instruments are known technically as densitometers and may be con- 
sidered as modified forms of the photometer which have been specially 
constructed to be convenient for the particular work to which they are 
applied. Many types of instruments have been constructed for this 
work and a complete review of the literature of the subject would 
require more space than it is deemed advisable to devote to it at this 
time. 

In general, the following elements are required: a light source or 
sources for illuminating the density to be measured, a second source of 
constant intensity used as a comparison in terms of which to measure 
the intensity of the light transmitted by the sample, a means of de- 
creasing the intensity of light coming from the comparison source by 
a known predetermined amount, a photometric field of some type 
which brings the two beams into juxta-position so that a precise 
judgment of their equality may be made and an eye-piece for properly 
viewing this photometric field. While in many instruments two 
independent sources of light are used, one for illuminating the work 
and one for providing the comparison intensity, it is, in general, pref- 
erable to use a single source which by means of a beam-splitting 
device may be used for both purposes. In this way errors due to 
variation in the intensity of the sources are eliminated. One of the 
most important elements in such instruments is the means of decreas- 
ing the intensity of the comparison beam in a precisely known manner. 
For this purpose many devices have been utilized. One method which 
is very convenient and has been used to a great extent is that of polari- 
zation. Rotating sector wheels, various types of diaphragms of 
variable aperture and many other well-known methods of accomplish- 
ing this have been utilized. 

An instrument which has been used to a pone extent in the past in 
this laboratory is the Martens’ polarization photometer. This instru- 

' Communication No. 160 from the Research Laboratory of thé Eastman Kodak Com- 
pany. 
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ment gives extremely high sensitivity on account of the excellence of 
the beam-splitting device which is of the biprism type. When properly 
constructed and in correct adjustment, the dividing line in the photo- 
metric field becomes entirely invisible when the two halves of the field 
are the same in brightness and in color. It has been found, however, 
when the nicol prisms approach the point of exact crossing, that the 
presence of stray light introduces appreciable errors. This occurs 
when relatively high densities (2.5 to 3.0) are being measured. Under 
this condition the light entering one side of the instrument is reduced 
to approximately one-tenth of one per cent. of that entering the other 
side of the instrument and under such conditions the instrument is not 
entirely satisfactory. The use of supplementary densities reduces this 
defect to a certain extent but such procedure requires considerable 
care on the part of the operator and introduces another element of 
uncertainty. 

In connection with research work being done in this laboratory, it 
was found necessary to measure very high densities and for this purpose 
the instrument described in this paper was developed. Such densities 
are obtained especially with process and X-ray materials. 

It might be well to point out at this time that the term “density”’ 
as used in this paper has the following meaning: If I, be the intensity 
of the light incident upon an absorbing medium and I, be the intensity 
of the light transmitted, the transmission (7) is given by the following 


equation: T= Density (D) is equal to the log. of = that is, equal to 


the log 7 The term “opacity” is often used in this connection and is 
1 

defined as the reciprocal of transmission. Opacity (O) is equal to ¢ 

A photographic deposit consists of grains of metallic silver imbedded 
in a matrix of gelatin. When a light is incident upon such a deposit 
a part is transmitted without deviation and a portion is scattered by 
the silver grains and transmitted as a diffuse component. It is neces- 
sary therefore in the case of photographic deposits to distinguish under 
what conditions of illumination values of transmission are measured. 
It has become customary to refer to two particular values of density, 
one the “diffuse” dénsity, being that value obtained when the density 
under consideration is illuminated by a completely diffuse light, the 
other, “specular” density which is that obtained when the sample is 
illuminated by a collimated beam. The first of these values is the one 
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of interest when the results obtained are to be applied in the printing 
of a negative in contact with a sensitive material, such as developing 
out or printing out papers. The second value (specular density) is 
the one of interest when the results obtained are to be applied to cases 
such as the projection of lantern slides or motion pictures by means of 
an optical system. A densitometer to be of greatest use should there- 
fore be capable of measuring either of these two values of density and 
if very high densities are to be measured successfully, it is necessary 
to obtain extremely high intensity in the incident beam in order that 
sufficient field brightness for the making of satisfactory measurements 
may be obtained. 

In Fig. 1 is shown a diagrammatic drawing in which the positions of 
the essential parts of the instrument are indicated. The light source 





Fic. 1. Diagram showing arrangement of central parts. 


A is a 108 watt, 6 volt, locomotive headlight lamp of the Madza type, 
the radiating element being a closely wound helix of tungsten wire 
about \ inch in diameter and 3/16 inch long. The image of this 
helix is projected by means of the compound lens N on to the diffusing 
screen M, the magnification being unity. Between the two elements 
of the lens is provided a place for the insertion of limiting diaphragms 
O. A second compound lens B is placed as indicated with a total 
reflecting prism C between the twoelements. This lens forms a similar 
image at T. An iris diaphragm is mounted at D. A third compound 
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lens E exactly similar to B and N re-images the filament on the second 
member of the diffusing element I. 

Between the elements of the lens E is mounted a sector diaphragm 
consisting of two pairs of segments each subtending an angle of 90° 
at the center. This is illustrated in Fig. 2. The plates A and B in- 
dicated by the horizontal sectioning are mounted on a ring E which 
is fixed with reference to the framework of the instrument. The other 
pair of plates C and D are mounted on the ring F which rotates on the 
ring E. The rotating element also carries the scale S upon which a 


il 
=| ‘il 
Fic. 2. Detail of adjustable sector diaphragm. 


90° segment is graduated in 100 equal parts as indicated. The index 
O is fixed in position on the framework of the instrument. By rotating 
the ring F the aperture may be completely closed at which point the 
scale reads zero. By rotating the ring F through 90° from this point 
the sectors C and D cover the sectors A and B, leaving an effective 
opening of 180°. Extreme care was exercised in the manufacture of 
this element since upon it depends the precision with which the instru- 
ment operates. All diaphragms used at other points in the instrument 
for reducing the illumination are calibrated in position by means of 
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this sectored diaphragm. In order to check the precision of operation 
of the sectored diaphragm, the inverse square law was used. A total 
reflecting prism was placed behind the diffusing screen M which al- 
lowed this diffusing screen to be illuminated by a lamp mounted on 
an axis at right angles to the axis AM. A three metre photometric 
bench was set up with its axis intersecting at right angles the optical 
axis AM at the point where the reflecting surface of the total reflecting 
prism cu cuts this axis. With the scale of the movable sector set at 
various fixed points, the position of the lamp on the photometric bench 
required to give a brightness balance in the photometric field was 
determined. From these values the illumination in the comparison 
field of the photometric cube was determined for various settings of 
the scale S. It was found for all readings of the scale greater than 
one division that the brightness of the comparison field was directly 
proportional to the angle aperture to well within the photometric 
limits. The need for extreme care in the construction of this rotating 
sectored diaphragm should be emphasized as it is essentially the 
element upon which the ultimate precision of the instrument depends. 

After passing through the lens E, the light is again bent by the 
total reflecting prism H as indicated. The two diffusing screens at I 
are so mounted that the distance between them can be varied by rotat- 
ing a knurled ring on the outside of the tube in which they are mounted 
The screen nearest to the prism H is movable while the other is sta- 
tionary. The distance between the diffusing screen M and the center 
of the photometric cube K is the same as the distance between the 
center of the photometric cube K and the outer surface of the diffusing 
element I. The lens L forms an image of the diffusing screen M at 
the center of the photometric cube, the lens J and the image of the 
diffusing screen I at the same point. The photometric cube K is of the 
Lummer-Brodlum type giving a circular field with a dividing line 
through its center. The eye-piece R is used for viewing the photo- 
metric field. 

A sector wheel is indicated at P. This is driven by a motor at a 
speed such as to eliminate flicker. In this disk are cut two radial 
apertures diametrically opposed and of such angular dimensions that 
when rotating the effective density is 1.50. The motor driving the 
disk is mounted on a table below the densitometer and the disk is so 
mounted mechanically that it can be moved readily by a lever action 
from the position indicated in the drawing so as to intercept either the 
beam AM or the beam CH. Pairs of lenses which may be fitted in the 





236 Loyp A. JONES [J.0.S.A. & R.S.1., VII 


positions L and J are provided so that the magnification can be adjusted 
according to the needs of the particular problem. Magnifications of 
10, .25, 1.00, 4.0, and 10 are provided for. In this way the area oi 
the density measured is under the control of the operator. 

A diffusing screen is used in the position M when it is desired to 
obtain values of diffuse density. When values of specular density are 
required, this diffusing screen is removed and the measurements made 
with the sample illuminated by collimated light. In order to secure a 
parallel beam, a small negative lens is placed on the optical axis between 
M and the lens element O. The power of this negative element is 
just sufficient to provide a collimated beam at the plane occupied by 
the density being measured. 

In Fig. 3 is shown a side view of the finished instrument. The three 
hand wheels seen in the lower right-hand portion of the photograph 








Fic. 3. Side view of finished instrument. 


are used in adjusting the position of the lamp so that the filament lies 
at the intersection of the optical axes of the lens systems. A mechani- 
cal stage is provided for carrying the photographic plate to be measured. 
This will accommodate an 8 x 10 plate and kits are provided so that 
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plates of other standard size can be conveniently inserted. Screw 
adjustments are provided by means of which any particular point 
on the plate may be brought into position for measuring. 

In Fig. 4 is shown another view of the instrument. It will be noted 
that the eye-piece which is attached to the housing containing the 














Fic. 4. End view with eye-piece and cube housing raised. 


photometric cube is carried on the end of an arm which can be raised 
into the position as shown in this figure, thus making it more conven- 
ient for the operator to adjust the work preparatory to making the 
measurements. The lever shown at the right hand end of the front 
face of the base is that used for moving the rotating sector into the 
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desired position. In the position shown the disk is in its median posi- 
tion and the knob on the handle is arranged so that in this position the 
current is cut off from the driving motor. When set in either of the 
extreme positions, the current is automatically turned on and the disk 
cuts down the intensity of either beam as desired. The hand wheel at 
the extreme right on the front portion of the base is that used for 
adjusting the aperture in the sector occupying the position F as indi- 
cated in Fig. 1. The scale and index for reading the adjustment 
of the sector may also be seen in Fig. 3. 

In Fig. 5 is shown another view of the finished instrument together 











Fic. 5. Side view including attachments. 


with the various accessories such as the lens giving the different mag- 
nifications and the kits for carrying plates of the various dimensions. 
The use of a diffusing screen at N while necessary for obtaining values 
of diffuse density, cuts down the field brightness available. 

In order to obtain the maximum field brightness with the necessary 
diffusion, a series of diffusing screens were made and tried out. These 
were obtained by grinding down pot opal glass to various thicknesses. 
Values of specular density are always greater than values of diffuse 
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density for scattering materials such as photographic deposits. Starting 
with a target N made of opal glass 5 mm. in thickness, density measure- 
ments were made on a series of photographic deposits. The thickness 
of the diffusing surface was gradually diminished until the density 
values obtained showed a perceptible increase in magnitude. This 
indicates the point at which the diffusion is not sufficient for the purpose 
and a layer slightly thicker than that showing a just perceptible 
increase in density was chosen as satisfactory. An opal glass target 
approximately 1 mm. in thickness was finally decided upon as being 
satisfactory. 

Using such a diffusing material with the lamp A operated at its full 
rated efficiency and no photographic density in position, the field 
brightness is so high as to be decidedly uncomfortable to the observer. 
This was decreased to a certain extent by inserting a resistance in series 
with the lamp and providing a switch by means of which this could 
be short-circuited. When low densities are being measured the lamp 
is therefore operated at a point appreciably below its rated efficiency 
and in this way the life of the lamp is prolonged to a certain extent. 
Even with such resistance in position, the brightness is entirely too 
high for comfort and it has been found that for very low densities 
satisfactory field brightness can be obtained with the rotating disk 
thrown into the beam AM and also a diaphragm at O which cuts 
the light to 1/10 of its initial value. In case very high densities are 
to be measured, the brightness of the beam AM may be even further 
diminished by the use of a diaphragm of even smaller aperture at the 
point O. 

In order to obtain the maximum range available, the procedure is 
as follows: A diaphragm is placed at O having an effective density of 
2.0. The rotating disk P is thrown into the beam AM thus inserting 
another density, 1.5. With the sector diaphragm F adjusted to 100 
on the scale and the iris diaphragm D open to its maximum, the 
movable diffusing element I is adjusted so that a photometric balance 
is obtained in the photometric cube K. It has been found that satis- 
factory settings can be made of the sector diaphragm F down to about 
one division on the scale which corresponds to a density of approxi- 
mately 2.0. When densities greater than that are reached, the dia- 
phragm at O is replaced by one having an effective density of 1.0 and to 
the density values read from the graduated scale is added a value of 1.0. 
When the limit is again reached, the diaphragm at O is removed en- 
tirely and to all of the graduated scale readings is added a density of 
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2.0. Following this, the rotating sector wheel is removed from its 
position and a constant density of 3.5 is added to the scale readings. 
When still higher values must be measured the sector wheel is inserted 
in the beam CH and to the scale readings is added a value of 5.0. By 
means of stops rigidly fixed in position, the iris diaphragm D may be 
closed so that its effective density is 1.0. When this is done a value of 





TABLE 1. Typical data obtained on x-ray exposures 














Density 
Step No. i— Mean 

| A | B | 

| 
1 | 26 | “To 25 
2 .30 28 .29 
3 34 | 3M 34 
4 44 43 44 
5 52 | 52 52 
6 .66 .66 .66 
7 89 86 .88 
8 1.14 1.10 | 1.12 
9 1.46 44 1.45 
10 | 1.76 1.82 1.79 
il 2.38 2.28 2.34 
12 | 2.82 2.82 2.82 
13 3.38 3.38 3.38 
14 3.87 3.84 3.86 
15 4.30 4.32 4.31 

| 
15a | 4.29 4.28 4.28 
16 4.67 4.66 4.66 
17a 5.19 5.25 5.22 
18a Ripe: “OPUS. PRN, Reed se erren ys. pe 
19a 5.48 5.66 5.54 
20a I. ms é 
21a 5.65 5.64 5.64 
22a Bis he oa eae ete 
23a 5.68 5.72 | 5.70 
24a Lore ie ae ocdsivelonspesyenstiives 
25a | 5.68 | 5.64 5.66 





6.0 is added to the scale readings. A scale reading of one division, 
corresponding to the density of 2.0, permits a total density of 8 to be 
read. This corresponds to a transmission of .00000001. When specular 
densities are being measured the diffusing screen M is removed and the 
actual field brightness is much greater so that the initial zero adjust- 














March, 1923] DENSITOMETER 241 


ment can be made with a diaphragm having an effective density of 
4.0 in the position O. Under such conditions the scale of the instru- 
ment is extended to densities of 10, that is, a transmission of .000000- 
0001. 

Previous to the construction of this instrument, it was impossible 
to measure the maximum densities obtained on X-ray materials and it 
was thought that the density-log E characteristic of such materials 
was exponential in type. No straight line portion had been found in 
the characteristic curve of such materials. 

Sensitometric strips were made by exposing a process film to X-rays. 
The time between successive steps was increased so as to give exposures 
increasing by successive powers of the square root of 2. The first 16 
steps were made in the automatic X-ray sensitometer but it was found 
impracticable to obtain exposures in this machine which gave the 
maximum density of the material. Additional exposures were there- 
fore made by hand starting with one equivalent in magnitude to step 
15 and increasing by powers of 2 until an exposure sufficient to give the 
maximum density of the material was reached. These exposed strips 
were developed in the X-ray developer for a time to give practically 
complete development. They were then measured on the instrument 
described in this paper, the photographic densities being placed in 
contact with the diffusing screen so as to obtain values of diffuse den- 
sity. The results obtained are shown in Table 1. The step numbers 
followed by an “‘a”’ are those exposures made by hand, all others being 
made in the machine. The values in Column A were those obtained 
by one observer and those in Column B by another observer on the 
same samples some three or four weeks later. These were therefore 
absolutely independent observations of the same materials. It will be 
noted that the agreement is very good with the exception of pne or two 
values. The mean of the two sets is shown in the third column and 
these results are plotted in the usual way in Fig. 6. 

It will be noted that between density values of 1.8 and 5.2 the curve 
obtained is a straight line to well within the limits of experimental error. 
Furthermore, the density reaches a definite maximum value as in the 
case of photographic materials exposed to the light, the maximum den- 
sity being 5.7 instead of 3.0 to 4.0 as in the case of light exposures. It 
should be pointed out that in practical radiography, densities seldom 
exceed 2.0. It is evident therefore that the practical working range 
lies entirely upon the toe of the curve which is exponential in type. 
It is interesting to note that X-ray exposures give a density-log E 
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characteristic similar to those obtained with white light exposures 
except that the density values are much greater. 

The instrument has been used for several months in this laboratory 
and has proved to be eminently satisfactory for the purpose for which 
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Fic. 6. Characteristic curve for x-ray exposure. 


it has been constructed. By using lenses of higher power which 
give higher magnification, small areas of the negative may be isolated 
and measured. Such measurements are necessary in the study of 
tone reproduction problems. The instrument is extremely flexible and 
lends itself to many problems requiring the measurement of photo- 
graphic density. 





A COLOR-MATCH PHOTOMETER FOR ILLUMINANTS 


By Hersert E. Ives 


Cotor DIFFERENCE PHOTOMETRY BY COLOR-DIFFERENCE 
ELIMINATING MEANS 


The various difficulties encountered in the photometry of lights of 
different color, due both to uncertainty felt by the individual observer 
in forming a criterion, and to differences in vision among different in- 
dividuals, are best overcome by the use of auxiliary standards duplicat- 
ing the color of the light to be measured. Such auxiliary standards 
may be light sources of the color of those which it is desired to measure, 
or they may consist of absorbing media so chosen as to make the trans- 
mitted light from the standard and test sources of like appearance. 
These auxiliary standards of color difference are to be calibrated by 
some approved method in a standardizing laboratory, and when used 
yield photometric values which are in agreement with the chosen 
standard method of color difference photometry. 


CoLor-MIxTuRE AUXILIARY STANDARDS 


A limitation to the use of colored light sources or absorbing media 
is that the number required to make possible color matches with all 
the different colored lights which may be the object of measurement is 
very large. Some types of colors, such as those of a black body at 
different temperatures, may all be embodied in a single standard 
operated under a series of conditions, e.g. voltages, but even so the 
problem of establishing a series of auxiliary color standards is quite 
serious, especially in experimental or testing laboratory work where all 
sorts of illuminants or other colored lights may be the objects of meas- 
urement. 

The possibility of constructing an instrument on the color mixture 
principle, by which all colors which it is desired to measure may be 
matched by the simple mixture of a few chosen primaries, has been 
long recognized. Three-color-mixture measurements of illuminants 
made by the writer some years ago! in fact merely need the ascription 
of the proper luminous values to the three primaries to make the 
measurements carried out at the same time measurements of the 
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luminous values of the light sources studied. The first detailed sug- 
gestion, however, for a color-match photometer using the mixture 
principle is due to v. Voss.* Voss’ proposal was to choose a red, green 
and blue of equal luminous value and provide means so that as the 
mixing proportions of the three primaries were changed the sum of the 
luminous values would remain fixed. In this way the color mixture 
instrument provides a reference standard or comparison lamp of con- 
stant intensity but of any desired color. v. Voss built a two-color 
instrument according to these ideas, the two colors being so chosen 
that a series of black body colors corresponding to the majority of the 
incandescent lamps ¢ould be approximately matched. His method of 
working out his idea, which involved receiving the light from illumi- 
nated milk glass surfaces, is probably not at all feasible for a three-color 
instrument, because of the very small luminous value of the blue 
primary. He does not appear to have undertaken the actual construc- 
tion of a three-color instrument. 


OBJECTIONS TO A THREE-COLOR MIXTURE INSTRUMENT 


In a discussion of the possibility of performing light measurements 


by the use of a three-color match reference standard some years ago* 
it was pointed out that a very serious practical difficulty is presented 
by the fact that measurements made by different observers are apt to 
differ quite widely. The chief reason for this is that the red, green and 
blue primaries which one ordinarily would decide to use, are quite 
narrow isolated bands of the spectrum, while the colors which it is 
desired to measure—for example, those of illuminants—are of quite 
different spectral character, consisting of continuous spectra of slowly 
changing intensity from one wave length to another. As a conse- 
quence, the relative proportions of the primaries which constitute a 
match for some illuminant with one observer will not do so for another. 
This difficulty was considered by the writer at that time as sufficient to 
discourage any attempt at the practical realization of such a method of 
color difference elimination at the photometer field. 

A second difficulty presented by the three-color mixture idea is one 
referred to above, namely, that the blue light necessary is of such low 
luminosity that any means for maintaining the luminous contributions 
of the three primaries approximately equal, would demand a pro- 
hibitively large light source to provide the blue primary. 
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PRINCIPLES OF THE NEW INSTRUMENT 


The fundamental ideas which have made possible the construction 
of a new instrument in which the difficulties just outlined are very 
completely overcome, are as follows: It was first of all decided that 
the instrument would be planned to meet only very moderate require- 
ments as to the range of colors to be measured. It was designed merely 
to take care of practical illuminants, with no attempt to measure 
saturated colors. By thus restricting the range of the instrument as 
to color, it is possible to use primaries very much less saturated than 
the typical red, green and blue of a universal colorimeter. Such 
unsaturated primaries when mixed yield lights which extend without 
gaps over the entire visible spectrum instead of the narrow isolated 
colored bands of the more ambitious colorimeters. Consequently the 
differences in the nature of the color under measurement and its copy 
are minimized. 

The possibilities and significance of this limitation of the range of 
colors to be covered is illustrated by the color triangle in Fig. 1 whose 
primaries are the fundamental sensations of Koenig, as modified by 
the writer.‘ In this color triangle are plotted the spectrum, which is 
shown as a curve marked in wave-lengths, and a series of illuminants 
ranging from the Hefner lamp to a deep blue sky and including such 
various light sources as the Welsbach mantle, the carbon arc and the 
glass and quartz mercury arcs. It will be noted that all the illuminants 
may be enclosed in a triangle which is much smaller than the funda- 
mental primary triangle and lies far inside the spectrum. This means 
that all of the illuminants may be matched by mixtures of primaries 
which are approximately an unsaturated yellow, an unsaturated green 
and an unsaturated blue. Depending upon how many of the practical 
illuminants it is desired to bring within the range of measurement, 
these primaries may range all the way from moderately saturated 
colors (triangle ade) when all practical illuminants are to be handled, 
to colors which might be described as little more than tints (triangle 
acg) where only the lower temperature incandescent solids must be 
matched. In the instrument which is to be described below the 
primaries chosen were such that the triangle which they form encloses 
all the practical illuminants shown in the diagram. With the primaries 
as chosen the light formed by their mixture is in every case a close 
approximation to a smooth continuous spectrum, matching very closely 
in spectral composition all the continuous spectrum illuminants, which 
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constitute the majority of practical light sources. It is, therefore, to 
be anticipated that this limitation in the range of colors to be measured 
will result in overcoming to a very complete degree the objection to 
three-color mixture instruments due to their common characteristic of 
providing light of different spectral composition from that of the test 
color. 
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Fic. 1. Color-triangle, showing positions of practical light sources, and various possible choices of 
primaries to form mixtures to match some or all the light sources. 


The second factor contributing to the practical success of the new 
instrument is the choice of the optical system. The central feature of 
this is a condensing lens whose aperture is covered with the absorbing 
media which serve to produce the three colors used as primaries. The 
image of a light source formed by the condensing lens is focused on 
the translucent side of a small diffusing chamber, an inner wall of 
which is observed. By this means a very efficient utilization of the 
light available from the comparison standard is attained, so that even 
the blue primary can be obtained of an intensity of practical value. 
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CONSTRUCTION 


The construction of the color-match photometer is shown diagram- 
matically in Fig. 2 in plan and elevation. S is the illuminant used as 
source for the light of the three primary colors. It consists of a 400 
watt Type ‘“‘C” Mazda lamp, with the filaments lying all in one plane 
within a rectangle of a 144c.m2 This is a lamp commercially manu- 
factured for moving picture projection. L,, Lz are two plano-convex 
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Fic. 2. Plan and elevation of color-match photometer. 


achromatic lenses of 20 centimeters focal length each. At C stands the 
frame holding the colored glasses and the variable apertures shown on 
an enlarged scale in Fig. 4, which will be described in the next paragraph. 
At F, stands a small hexagonal box with walls white on the inside, and 
provided with a ground glass window at G. The image of S is focused 
upon the ground glass and the light falling upon the side F; reaches it, 
partly by diffusion from this glass and partly by reflection from the 
other walls. F; is an extended white surface intended to receive the 
light from the source under measurement. F;, and F; are observed in 
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juxtaposition by means of a photometric prism P. A right angle 
prism R is interposed in the line of sight in order to make the observing 
position one of maximum convenience. A diaphragm D restricts the 
field to 3° diameter. The photometric field used is of the contrast 
form, and is illustrated in detail in Fig. 3. Light from F; is totally 


























Fic. 3. Detail of photometric prism and contrast field. 


reflected by the silvered hypothenuse of the prism most distant from 
the eye; while the hypothenuse of the nearest prism is silvered in hori- 
zontal strips from which the light from F, reaches the eye. Four strips 
are visible in the field, and the two outer ones are reduced in brightness 
by the interposition of clear glasses g, and g: as shown in the figure. 


RK 


Fic. 4. Arrangement of sliding diaframs to insure constant total length of 
filter openings. 


In Fig. 4 is shown diagrammatically the arrangement of the colored 
glasses and variable apertures which are used to control the composition 
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of the light falling upon the diffusion chamber. The colored glasses 
consist of a yellow, green and blue whose spectral transmissions will be 
described in a following section. These glasses are covered by fixed 
apertures of such width that the luminous intensities of the lights 
transmitted through equal lengths of the apertures are equal. Directly 
over the fixed apertures are the variable apertures, which are formed of 
two flat sheets of metal cut in a “zig-zag” pattern so that each sheet lies 
partly over each of two of the fixed apertures in such a manner as to 
cover exactly that fraction of the length of one which it uncovers of 
the other. It will be clear then, from inspection of the figure, that as 
the two thin sheet figures are moved back and forth varying ratios of 
the three primaries are exposed but that the sum of the lengths of the 
fixed apertures is always constant; in other words, that the luminous 
intensity of the light projected on the diffusion chamber is constant 
while the color may be varied to any value within the range of the 
mixtures possible with the three primaries used. This arrangement 
is essentially that described by v. Voss. 

The frame holding the colored glasses and special variable aperture 
diagram is shown in the photograph, Fig. 5, and the complete photom- 
eter as built is exhibited in the photograph Fig. 6. 


SELECTION OF PRIMARIES 


The yellow, green and blue primaries which were embodied in the 
instrument as constructed, were chosen from commercially obtainable 
colored glasses which presented desirable qualities as to the nature of 
their spectral transmission and the uniformity with which they could 
be produced. They are all from the list of the Corning Glass Com- 
pany. The yellow bears the maker’s number G-30-B and is called 
“high transmission yellow.” The green is a combination of G-40, 
called ‘‘admiralty green” and a yellow green, called G-408-N. The 
blue is entitled “daylight,” G-90-A. Samples of these glasses, which 
from preliminary inspection of their spectral transmission curves ap- 
peared likely to be of approximately the correct color, were measured 
on the spectro-photometer and transmission curves worked out for 
varying thicknesses. 

In order that these glasses in any chosen thickness should make 
available definite colors, it is of course necessary that the radiant 
used should be of definite and known character. The radiant selected 
for this purpose was the black body at 2848 degrees absolute. This 
choice was made for the practical reasons, first that a color temperature 
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standard of this value could be obtained from the Bureau of Standards, 
and second that this color represented a feasible value for operating the 
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tungsten lamp which was selected for the light source embodied in 
the instrument. 





Fic. 6. Color-match photometer. 




















‘Taking the transmission curves for the three glasses and multiplying 
the black body energy distribution at each wavelength by these trans- 
mission values a set of energy curves was obtained corresponding to 
various thicknesses of these glasses. These energy curves were multi- 
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plied at each wave-length by the color sensation curves of the equal 
energy spectrum. The resultant sensation values for the various 
colors so obtained were then plotted in the same color triangle as that 
in which the values of the illuminants were already approximately 
known. Fig. 7 shows diagrammatically how the colors corresponding 
to various thicknesses of these glasses in combination with a black body 
at 2848 degrees move out on the triangle’from the point corresponding 
to the 2848 degrees black body. From this diagram it was then 
possible to select thicknesses which would give colors suitable for 
primaries whose mixtures would match all of the practical illuminants. 





Fic. 7. Colors obtained by using various thicknesses (t) of special colored glasses 
over 2848 degree black body. 


The next step consisted in determining the luminous values of the 
lights received through these glasses. These values might have been 
determined by photometry of the integral light, by the photometric 
procedure which has been advocated by the writer. In the present 
case, however, it appeared simpler to arrive at the same results through 
the use of the spectral luminous efficiency curve which was obtained 
through the same photometric procedure and has been checked with 
that procedure through the physical photometer.’ Accordingly, the 
spectral energy distribution curves for the three colored lights were 
multiplied wave-length by wave-length by the luminous efficiency 
curve of the spectrum. The areas of the resulting curves give at once 
the relative luminous values of the three illuminants when equal 
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areas are used of the three glasses. From these relative values it is a 
straightforward matter to calculate the relative areas of the three 
glasses which should be chosen in order that the light transmitted 
should be of equal luminous value from each. These figures give 
the widths of the fixed apertures. 

These fixed apertures were made in the following manner: A large 
template was cut in white Bristol board. This was then photographed 
down to the required size on photographic plates especially flowed 
with the emulsion on plate glass. Contact prints from the negatives 
so obtained were made on similar plate glass plates coated with a 
special contrast emulsion. These contact prints when developed to 
high density and cleared with reducing solution provided accurate 
templates of the required size, as shown in Fig. 8. The three colored 





Fic. 8. Template for color filters; top, yellow; middle, blue; bottom, green. 


glasses, built up into blocks of uniform thickness by the addition of 
plates of clear glass, were cemented to this template embodying the 
three fixed apertures of the calculated ratios. 

An important condition which must be met by the color match 
photometer is that the brightness of the photometer field must be not 
only adequate to obtain photometric precision but that it should 
correspond accurately to the brightness at which the method of color 
difference photometry which is chosen is required to be carried out. 
This latter requirement is indeed of relatively little importance where 
the light on the two sides of the photometric field is very closely the 
same in spectral composition, as it was the intention should be the 
condition here. At the same time such light sources as the mercury 
arc do differ so much in composition from the mixed light with which 
they are compared that the adherence to standard field brightness 
conditions is highly desirable. In the present case the field brightness 
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which is to be attained is that of a white surface under twenty-five 
meter candles illumination. In order to obtain this it is necessary to 
properly proportion the size of the light source, the focal length of the 
lenses and the size of the lens aperture. The apparatus as worked out 
with the 400 watt lamp as described, gives very accurately this bright- 
ness; it appears quite possible, however, to shorten up the instrument 
so that a 100 watt lamp would suffice. 

It is of interest to note the degree to which the conditions laid down 
in planning the instrument have been met. Fig. 9 shows at IY, G, 
and B the positions in the Koenig fundamental sensation triangle of 
three primaries chosen as computed from their energy distributions, 
and also the twelve artificial illuminants already shown in Fig. 1. 
All of these are included within the color-match photometer triangle, 
the mercury arc and two of the Welsbach mantles being practically 
coincident with the sides. 

The energy distributions of the three primaries as used are shown 
in Fig. 10. It will be noted that they correspond to rather extended, 
fairly uniform, continuous spectra. The most instructive representa- 
tion of their performance is given by plotting the spectral distribution 
of energy as incident upon the diffusion chamber when typical light 
sources are matched in color. In Fig. 11 is shown the energy distribu- 
tion due to the mixture which gives a visual match with the 5000 
degree black body, as obtained from a combination of tungsten lamp 
-and daylight glass* which was in turn matched against the synthetic 
color apparatus described in a previous paper.’ It will be seen that 
the energy distribution of the mixture plots as a fairly smooth curve 
weaving up and down around the 5000 degree black body distribution. 
It is in fact quite as close an approximation as is attained by any of the 
successful artificial daylight units now in commercial use. 

Fig. 12 shows similar data for the black body at 2848 degrees K. 
It is obvious that where the light sources under measurement present 
a continuous spectrum, the color-match photometer presents a mixture 
which not only matches the integral color of the illuminant but is a 
very close match for energy distribution. Trials with several observers 
show that all set alike on illuminants of this class. 

The case is, of course, different where light sources such as the 
mercury arc are measured, for here the color-match photometer gives 
a continuous spectrum while the light source has a line spectrum. 
It is obvious that with such differences in spectral composition different 
readings are to be expected by observers of different color vision 
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characteristics. It has, however, been considered much better to sacri- 
fice the accuracy of the instrument in the case of the rather unusua! 
light sources in favor of the usual continuous spectrum sources. It 
will be noted that the unsatisfactory character of the energy distribu- 
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Fic. 10. Spectral energy distribution curves of primaries. 
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Fic. 11. Energy distribution of color-maich photometer setting for 5000 degree black body 
color, compared with true distribution. 


tion match in the one practical case of the mercury arc corresponds 
to the universally unsatisfactory character of the matches made by a 
color mixture instrument using pure red, green and blue as its prima- 
ries. 
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UsE OF THE INSTRUMENT AS A PHOTOMETER 


The use of this instrument as a color-match photometer is extremely 
simple. Let us suppose that our photometric standard is a carbon 
incandescent lamp. We imagine the color-match photometer as 
placed upon the photometer bench in a fixed position and that the 
carbon lamp is movable. We first set the comparison lamp S(Fig. 2) 
at that voltage at which it accurately color-matches a black body at 
2848 degrees. This may be done by swinging the colored glasses to 
one side and matching the lamp against a color temperature standard 
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Fic. 12. Energy distribution of color-match photometer setting for 2848 degree black 
body color, compared with true distribution. 


or against the standard “‘four watt” carbon lamp by introducing some 
standard absorbing medium which exactly annuls the color difference 
between the four watt lamp and the high efficiency comparison lamp. 
For this purpose the Fabry yellow absorbing solution, described in 
an earlier paper,’ in a concentration of 30%, is admirably suited. 
With the colored glasses back in place the ratio of the three colors 
is altered by trial, by turning the large heads to the pinions projecting 
from the color filter frame, until an approximate match is obtained. 
The carbon lamp is moved until an intensity match obtains and the 
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color-match is made exact. Photometric settings are then made by 
moving the carbon lamp in the regular manner. If now it is desired to 
measure a lamp of some other color—for instance, a high efficiency 
tungsten lamp—it is substituted for the standard carbon lamp and 
the ratios of the colors altered by trial until a new color match is 
obtained. The new lamp is then moved back and forth until a match 
both for color and intensity is obtained. The ratios of the intensities 
of the tungsten lamp and the carbon lamp are then obtained by the 
inverse square law from the positions occupied by the two lamps re- 
spectively at their positions of photometric match. Other means of 
varying the illumination of the surface F:, such as a variable sector 
disc or variable transmission gratings, may, of course, be used. The 
characteristic feature of this apparatus is that it provides a comparison 
“lamp”’ of fixed intensity but of any desired color. 

The measurements obtained are then on that photometric scale 
which is embodied in the luminous efficiency curve of the spectrum 
which is used in calculating the luminous intensities of the radiations 
received from the three color filters. The curve which has been used 
in the construction of this photometer is that derived by the author, 
which has been intercompared in various ways with other measure- 
ments made in accordance with the photometric conditions, and the 
average eye recommended by the writer.® 


USE OF THE INSTRUMENT AS A COLORIMETER 


By means of divided scales attached to the metal slides which govern 
the openings of the color filters, it is possible to obtain the relative 
amounts of yellow, green and (by subtraction from unity) blue, needed 
to match the color of the illuminant under measurement. These 
quantities constitute a measurement of the color of the illuminant in 
that trichromatic system whose primaries are the yellow, green and 
blue defined by the spectral energy distribution curves shown in Fig. 
10. These yellow, green and blue values can be plotted—for instance 
in a color triangle,—and constitute a complete record of the color 
measured. 

It is, however, undesirable to record trichromatic measurements 
in terms of such very special primaries as those here used. The pref- 
erence both in this case and in other cases of the use of trichromatic 
measuring instruments is to reduce the readings to some fundamental 
scale of reference, for instance, the fundamental color sensation triangle 
as established by the researches of Koenig. In previous papers‘ the 
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procedure necessary to reduce the trichromatic measurements made 
with any set of primaries, to their equivalent values in terms of another 
set, has been developed. This process has been applied in Fig. 9 to 
the primaries of this instrument. The large external triangle (shown 
only in part) has for its vertices the fundamental sensations as repre- 
sented by the Koenig curves as modified by the present writer. The 
small interior triangle has for its vertices the primaries of the instru- 
ment here under discussion. The divisions of the small triangle, 
which vary greatly in absolute magnitude from one vertex to another, 
are equal divisions of the color-match photometer scales. In order, 
therefore, to reduce the color-match photometer readings to funda- 
mental sensations, it is only necessary to find the location of the point 
whose coordinates are given in terms of yellow, green and blue in the 
small triangle and then read off this position on the larger underlying 
figure. On this same triangle have been plotted calculated colors of 
various black bodies, taking the black body at 5000 degree absolute 
as the white center for the color sensation triangle. 

In the papers on the transformation of color measurements from 
one system to another already referred to,‘ graphic means are described 
for transforming trichromatic measurements to measurements in 
terms of spectrum hue, saturation and luminosity. By utilizing the 
rules of that paper it is possible to transform the yellow, green and 
blue measurements made by the color-match photometer to luminosity, 
hue and saturation values. The diagram to be used for this is shown 
in Fig. 13. Here the color-match photometer triangle is drawn super- 
posed on the monochromatic diagram. The divisions on the triangle 
are marked merely along the sides in order to avoid too great confusion 
of lines. The method of using this diagram is as follows: A color 
having been measured by the color-match photometer in terms of 
yellow, green and blue mixing proportion, the point corresponding to 
this is found by the use of a straight edge laid between the appropriate 
coérdinates along the triangle sides. This point established, a line is 
drawn from the white center of the sensation triangle through the 
point until it cuts the spectrum. From its point of intersection, the 
spectrum hue is read off. The saturation or percentage in luminosity 
units of the spectral color is read from the “contour lines.” The 
luminosity of the measured light is obtained, of course, by the use of 
the instrument as a photometer in the manner already described. 

It is necessary to emphasize the fact that these transformations 
while fully worked out as to method can not be expected to check 
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completely with direct measurements carried out with other trichro- 
matic primaries or by monochromatic analyses, due to the meagre data 
from which the diagrams 9 and 13 are constructed. In so far as color 
measurement in fundamental units is in question, therefore, these 
diagrams represent an ideal as yet only approximated to, as will be 


~~ 


/ 








Fic. 13. Diagram for transforming color-match photometer measurements to 
(1) Sensations, 
(2) Spectrum hue and saturation, 
(3) Black body temperature color. 


shown in a subsequent paper. No.such limitation exists, however, on 
the use of the instrument as a photometer. It offers an eminently 
practical solution of the problem of color difference photometry in 
the case of illuminants. 
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Excitation of Light by the Impacts of Electrons on Atoms.— 
The problem is this: In a gas-discharge, impacts of electrons against 
atoms are frequent, and in many cases the valence electron of the 
atom is lifted from its stationary orbit S into an orbit X lying further 
out; from this orbit it may descend into any one of several orbits lying 
further in, say orbit A, orbit B, orbit C, and so forth; the relative 
intensities of the various spectrum lines produced by the transitions 
X-A, X-B, X-C and so forth are proportional to the probabilities of 
these transitions; now, are these relative intensities, and hence these 
probabilities the same under all conditions, or do they vary? Seeliger’s 
method consists in measuring the intensities of pairs of lines, corre- 
sponding to transitions from the same initial to different final orbits, at 
various points along a mercury arc; the ratio of these intensities 
varies from point to point, as is definitely proved by the fact that the 
individual intensities pass through maxima at different parts of the 
arc. Therefore, the probabilities defined above are dependent on outer 
circumstances, and are not constant for any given pair of orbits. 
[Seeliger, R., (Greifswald). Zs. fiir Physik 11, pp. 197-200; 1922.] 

Kart K. Darrow 


The Ionization of Abnormal Helium Atoms by Low-Voltage 
Bombardments.—The resonance-potential of helium is 20.4 volts 
(there is another resonance-potential at 21.2 volts, which may be 
ignored for the purpose of the explanation) and the ionization-potential 
4.8 volts higher. Hence, when an atom has been struck by and has 
absorbed the energy of a 20.4-volt electron or a quantum of equal 
energy, it should be possible to ionize it by the impact of a 4.8 volt 
electron; and to maintain a stable discharge in helium with a voltage- 
drop of 4.8 volts, provided that by some outside means a supply of 
abnormal helium atoms is constantly maintained in it. Horton and 
Davies produced an abundance of 20.4-volt quanta by bombarding 
helium in an auxiliary tube with adequately-fast electrons; the quanta 
came through into their main tube, were absorbed by the helium atoms 
there; and in the main tube it was possible to ionize these abnormal 
atoms by 4.8 volt electrons. (The same effect has been observed by 
Kannenstine, whose method was equivalent to switching off the high 
voltage in the main tube and applying a smaller voltage which was, 
however, sufficient to ionize the abnormal atoms left over from the 
epoch of the high voltage.) [Horton, F., & Davies, A. C., (Englefield 
Green). Phil. Mag. 44, pp. 1140-1146; 1922.] 


Kart K. Darrow 








PERIOD OF THE BIFILAR PENDULUM FOR LARGE 
AMPLITUDES 


By H. S. User 


SYNOPSIS 


The primary object of the investigation is to derive a convergent series for the period 
of the bifilar pendulum corresponding to any feasible finite amplitude of vibration. The 
material is conveniently divided in three parts. 

In part (a) attention is called to the unsatisfactory state of the literature of the problem. 
Then a set of rigorous equations are given which lead to a hyperelliptic integral as the formula 
for the period. 

In part (b) this integral is expanded into two related series which depend upon a funda- 
mental series the law of development of which is evident. It is shown that the second and 
third approximation terms of the two final series may be either independently or simultane- 
ously positive, or zero, or negative. Numerical illustrations are then presented. 

In part (c) the domain of convergence of the series is discussed and shown to depend 
upon points lying between certain straight and parabolic lines in a Cartesian diagram. 


The primary object of the present paper is to derive a series repre- 
sentation for the period of the bifilar pendulum analogous to the 


expansion of the elliptic integral commonly given for the simple 
pendulum. By presenting the results of my investigation.of this prob- 
lem two things will be gained, namely (i) certain misleading statements 
in the literature of the subject will be cleared up, and (ii) a convenient 
convergent series development of the hyperelliptic integral will be 
placed on record (apparently for the first time). 

In Winkelmann’s “(Handbuch der Physik,” (2d or 1908 ed., p. 414), 
the author of the article on pendulums, F. Auerbach, makes the fol- 
lowing (as well as other) remarks concerning the bifilar pendulum: 
“Es ist aber von Heun gezeigt worden, wie man zu einer fiir die An- 
wendungen brauchbaren Formel gelangt. Ubrigens ist zu bemerken 
und auch leicht einzusehen, dass bei grésserer Amplitude die Schwing- 
ungsdauer hier nicht, wie beim unifilaren Pendel, grésser, sondern 
kleiner wird.” The second German sentence is an unqualified assertion 
which is false. It leaves no room for the possibility of the period of the 
bifilar pendulum increasing with the angular amplitude as it does in 
the case of the simple pendulum. The “leicht einzusehen” is inexplica- 
ble for, when the bob of an ordinary laboratory bifilar pendulum is 
rotated until the supporting threads or wires are nearly crossed and 
then released, the slow “get away” and relatively enormous increase 
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in the period as compared with the period for infinitesimal oscillations 
are very striking. In behalf of Auerbach’s last quoted sentence it is 
only fair to suggest that it probably grew out of a conclusion of A. 
Kurz’s: “ . . . die Schwingungsdauer des bifilaren Pendels ist also 
in der zweiten Annaherung kleiner als in der ersten. Beim mathe- 
matischen Pendel findet das Umgekehrte statt.”* Kurz’s “second 
approximation” is far safer than Auerbach’s unqualified assertion. 
What constitutes a second approximation may depend upon the par- 
ticular series (or manner) in which the successive approximations are 
developed. For example, in the numerical illustration given by 
Heun? the sign of the correction term constituting the second approxi- 
mation is positive. Since the approximations in Kurz’s analytical work 
are highly questionable no merit attaches to his conclusion even in the 
comparatively rare cases in which it is valid. [One angle is defined 
ambiguously and an equation involving this angle is said to be approxi- 
mate whereas it can be absolutely rigorous.] 

The analytical work of Heun seems to be entirely correct. The 
hyperelliptic integral given below in terms of the angle ¢ transforms 
directly into Heun’s integral in terms of the linear displacement z 
of the center of mass of the bob. [I have found that ¢ is a much easier 
coérdinate to work with than either @ or z. Vide infra.| The approxi- 
mate solution of this integral is effected in entirely different ways in 
Heun’s paper and in the present one. The earlier writer follows the 
methods of Gauss and Legendre and obtains a formula which requires 
the use of tables of elliptic integrals. This formula converges rapidly 
for the restricted domain of numerical values which Heun considers 
practically sufficient. On the other hand, only two correction terms 
are given and these are in such a form as not to bring out the general 
properties of the hyperelliptic integral. Moreover the analysis is 
restricted by the occurrence in it of +/1—4/?, where 2 denotes the 
ratio of the distance between the threads (@=¢=z=0) to the length 
of a thread. Heun states that closer approximations may be obtained 
by taking into account the influence of the branch-points which he 
neglected and by introducing ‘‘Rosenhain’s functions.” 

The plan of the present investigation will be (a) to set up the rigorous 
equations governing the motion of the undamped bifilar pendulum, 
(6) to expand in series the integral representing the period, and (c) 


1 Repertorium der Physik, 23, p. 409; 1887. 
* Nachrichten v.d. Kénig. G. d. Wiss. zu Géttingen, 47, p. 158; 1891. 
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to obtain the boundaries of the domain of convergence of the funda- 
mental series. 

(a). The following hypotheses may be stated explicitly for sake 
of perspicuity. Threads massless, inextensible, incompressible, free 
from torsional rigidity, same length L, same level for upper ends, and 
parallel with separation 2D when the accelerations vanish. Let M= 
mass of “‘bob,” k=radius of gyration of the bob, z =elevation of center 
of mass of the bob above the lowest point of its path, T=tension in one 
thread, ¢=angle which a thread makes with a vertical line through its 
upper point of attachment, and @=angular displacement of bob as 
projected on an horizontal plane. The rigorous equations given below 
are immediate consequences of the geometry of the motion and of the 
laws of classical dynamics: 


z=L (1—cos ¢) =2L sin? $¢ (1) 

L sin ¢=2D sin $6 (2) 

M27 cos ¢—M g (3) 

M # = —2 DT sin 6 cos $0 (4) 
2 

4ME (%)'+ iM (2) +M gs=M gt (5) 


These equations are not all necessary for the unique determination 
of the motion of the pendulum. They are given to afford checks on 
one another. Constraint equation (2) expresses concisely the facts 
that when 2D is less than L, ¢ remains acute when @ attains its greatest 
practical value of + radians; when 2D=L, ¢=7/2 simultaneously 
with 6=x; and when 2D is greater than L, ¢ may vary from 0 to r 
while 6 will first increase to the maximum @,,=2 sin (L/2D), corre- 
sponding to ¢= x/2, and then decrease to zero. Substituting the equal 
of sin ¢ from equation (2) in (4) we obtain the compact formula 

ee. _2D'T in 6 (4’) 

dt? LM 
which suggests the equation of motion of the simple pendulum. 

Differentiating equation (1) twice with respect to ¢ and substituting 
in (3) we find 

nu fil do\? ,. 2 

T cant {e+ cos o(%) +Lsing— (6) 

Substituting this expression for T either in equation (4) or (4’), 
and eliminating ¢@ and its first two time derivatives by the aid of (2), 
we obtain the following rigorous differential equation 
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2 
4k*cos*» \ +-guind 


a AACA LT 
14 sin ¢+ tp —Lsinte f df 





5 aL — ¥ d\?_o _ 


Equation (7) may be vuteaaly in the following manner. Let /(¢) 
denote the coefficient of the second derivative of ¢ in (7) then the 
coefficient of the square of the first derivative is equal to 


ZU) 


Therefore 


f#)-5 +4 (2)" <Us(@)]+gsine= 0 


S(¢).d [3-(*)'] +4-(4)'4 [ {()] —g.d(cosg) =0 


whence 
s(¢).( 2) —2¢(cosp —coss) =0 (8) 


Equation (8) is identically the same as the result obtained by reduc- 
ing (5) to the single dependent variable ¢ by the aid of conditions (1) 
and (2). I have also obtained equation (7) from Lagrange’s general 
equation for one degree of freedom, ¢. Accordingly it seems certain 
that equations (1) to (5) are absolutely correct. 

Returning to = (8) we have 

P/4 


op f. Vv f(¢) 
dt= 
V 2g(cos ¢—Cos $0) 


do 


2/2 Vv f(¢) 
P=—= = 9 
2 | @—COS do “ 0) 


0 
As implied in an earlier paragraph, confidence in this final complete 
formula is enhanced by the fact that Heun’s integral (III), [loc. cit., 
p. 155], can be transformed into (9) by substituting P, D/L, g/L, 
k/L, and (4D*—L*sin*@) sin?¢/L’ respectively for his T, J, g, k, and s*. 
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(b). Attention will now be turned to developing (9) as an infinite 
series. The denominator of the integrand of (9) suggests the same 
equation of transformation as is used for the simple pendulum, namely, 

sin $¢=sin $5 sin ¢ 
where & varies from 0 to +/2 while @ increases from 0 to ¢o. For 
brevity let 5=D/L, «=k/L, and o=sin?}¢osin*t. Then (9) becomes 
x/2 


Paagl f {[e+4(e—e)e+4(e-F-1)ot +8044 


0 [8% —(14+8)o+20—o8}-*} de (9’) 
Now equate the integrand of (9’) to the power series 
Ao+ayo+a27+ ... +aji+ ..., 
square both sides of the resulting equation, clear of fractions, transpose 
all terms to the same side of the equality sign, and equate to zero 
the complete coefficients of each power of o to obtain the set of equa- 
tions given below which determine uniquely the respective values of 
the coefficients ao, @;, @2, ... . 
Pa pdo= x" 
259, — (1+8*) aaa = 4(8 — x’), 
5°(2a9a2+4,0;) —2(1 + 8) aoa; + 2aoa9= —4(F-— +1), 
28*(doa3+402) —(1+8*) (2a9a2+4,0;) +4490, — dodo =8, 
§(2aoa4+ 2a:43+ 4202) —2(1+87) (@oa3+a142) +2(2a9a2+40)) — 2a9a, = 
=f, 
25°(aods +0 :04+ 203) —(1+8*) (2a9a4+20,43 +4202) +4(a903 +4142) 
— (2a9a2+4,4;) =0, 
(2006+ 20105 + 2420444343) —2(1 +87) (@9a5+4104+4203) 
+ 2(2a9a4+ 2a143+ 4202) — 2(aoa3+4,42) =0. 

All of the equations of higher order than the fifth one just given have 
zeros for their right hand members because the coefficients of all the 
powers of o higher than the fourth within the first set of brackets in 
the integrand of (9) are zero. The law of formation of the above set of 
equations may be inferred from inspection of the “weights” of the 
subscripts in the separate terms, etc. Hence it will be sufficient to 
give the explicit expressions for ao, @:, @2, @3, and a, only. They are 


x 
ao=-, 


6 


b= = (45'-3822+2)/ 28, 


ao 


byt = (— 1658+ 240%x? — 58x! — 854x? — 105%x*+-3x!) / 85%«4, 
0 
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by = 2 = (645! — 144592 4.925% 4 — 78% + 48582 — 85%! + 7845 — 454! 


ao 


— 218% +55) / 168%!, 
baa (— 12805" + 38405!x2 — 39365! «4+ 14565!x! — 455%x8 — 1280822 


+ 13445 %x4 — 17658 x° + 125%x® — 965% x4 + 165%? + 162854? 
— 1684 — 18087x® + 35%) / 128888. 
Writing c in place of sin $¢0, formula (9’) becomes 


™/2 


a / t/s 
4k |- . : 
p= SE) faerie f sinteagtore f sintede+ tee 
0 0 


0) 


r/s 


+b,c™ J sin*tdt+ .. . \. 


fr) 
By the aid of the standard definite integral 


m/s 


sintede = U3°5_- ~~ (2n—1) = 


a46 .... () 2 





r 
the last expression for P reduces to the final form 


P= Po( 14 dbisin®hbn-+ £3 busin’ $0 + *>Soysinth e+ yw ), (10) 


where Pp=ztt L 
D ‘8 


By virtue of relation (2) it is possible to convert series (10) into one 
involving > explicitly: 
sin? $$ = 4(1 — V1—48sin?46,). 
However, the radical has to be expanded in turn and this additional 
complication emphasizes the advantage of first deriving the series in 
sin}do. 
Let u=dsin}6 then 
sin? 49 = u? + 4+ 2u°+5u8®+14u+ . 
and formula (10) may be transformed into the following series: 
P= Po{1+$b,6sin® $6o+ $(b:+2b2)5‘sin* 36+ (b: + 2b. +-45¢bs)d*sin® $0, 
+§(b:+ $b2+ 3bs+gyb,)5*sin® $0, 
+ (7b: +22b2+48b3+ Sh bs+ i qbs)d sin S004... 4} (11) 
It is possible to have simultaneously }:=b:;=0. This leads, by 
elimination of x, to 8—45°41=0, 


or &=2+/3. 
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However, the lower sign is inadmissible because 5; =0 is explicitly 


4 
ww =3P-1, 
Ped 


and the right hand member assumes the negative value 5-7545 or 
&=2—+4/3. Therefore 

F=2+ 73 

2 =2(1++/3) 

§=1.931, 851,65 =4$(/6+~/2) 

x = 2.337, 541, 79 


£ 4 210,000,67 
D 


cause the terms in sin? 4¢o, sin‘$¢o, sin?40o, and sin*}@) to vanish 
at once. Consequently it is possible for the second and third approxi- 
mation terms in both series (10) and (11) to be either separately or 
simultaneously positive or zero or negative. This result clears up the 
confusion introduced by Kurz (vide supra). 

As a numerical illustration (“ . . . von sehr ungiinstigen Dimen- 
sionen . . . ’’) Heun takes the data 6=0.1, «=0.2, and @)=10°; 
(¢=0° 59’ 55.6”). He obtained® 1.001899 as a second approximation 
to P/P». The first four correction terms of each of the series (10) 
and (11) giye* correctly 1.001869023648 for this ratio. The rate of 
convergence is much slower for the same values of 6 and « but with 
6o=90°, do =11° 32’ 13’’. For this case, series (10) yields 1.17674 for 
P/P>. For asimple pendulum 1.18034=P/Pp>. For both’ pendulums 
the undamped period increases by about 18 per cent. as the angular 
amplitude is changed from 0° to 90°. 

Again, consider the case b};=b.=0 with @)=10°. The first seven 
terms of series (10) are respectively 1+0+0+0.000006739265 
+ 0.000000145560 + 0.000000002425 + 0.000000000007 = 
1.000006887257=P/P>. For a simple pendulum with #,=10° the 
data are 1+0.0018990308735+0.0000081142161 +0 .0000000428032 
+0. 0000000002489 +0 . 0000000000015 = 1001907188143 =P/P». The 
increase in the period for the simple pendulum is nearly 0.2 per cent 
while that for the bifilar system is less than 0.0007 per cent. However, 

3 The error made in the position of the decimal point introduced while taking the anti- 
logarithm has been corrected. 
* By using H. Andoyer’s “Nouvelles Tables Trigonométriques Fondamentales.” 


5 I do not intend to imply that the projected angle @ for the bifilar pendulum is always 
the precise analogue of the angular displacement of the simple pendulum. 
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the comparison does not favor the bifilar pendulum since @)=10° 
corresponds to ¢o=19° 40’ 43’’.0. If we take ¢)=10° (and hence 
6.=5° 9’ 6.7) then P/P,=1.000000119289, that is, 0.00001 per 
cent. Such a pendulum (undamped) is practically isochronous. 

Finally, in order to obtain appreciable negative correction terms 
we may assume §= 2/3, «=8/3, 9 =45°, and hence @)=cos* (7/16) = 
64° 3’ 20’. Then P/P)=0.9671, a decrease of about 3.3 per cent. 

(c) The domain of convergence of series (10) may be found by analyz- 
ing the integrand into three radicals of the form (1+x)”, and by 
making use of the facts that the binomial series is absolutely conver- 
gent for x*<1 and that absolutely convergent series admit of the same 
treatment as closed algebraic expressions. As a check on the algebraic 
work I have also obtained series (10) by expanding each of the three 
radicals separately in series, by multiplying together these series, 
and by integrating the product series term by term. 

The first bracketed expression within the braces of (9’) may be writ- 
ten 

«(1i+w)* 
_ (4° — 46? +sin’¢)sin*o 
42 
For brevity write x’ =48, y’=4x*, 2’ =sin’¢, p=x'/y’, and p’=2'/y’. 
Then 


where v= 





None of x’, y’, 2’ can be negative, z’ cannot exceed unity, and,—to 


insure convergence of the binomial series,—Y¥ must lie between +1 
and —1. 


Consider a set of rectangular axes POP’ (in the figure) having p 
and p’ as abscissa and ordinate respectively. If we put ¥=a—1 then 
W will increase from —1 to +1 as a varies from 0 to 2. Also 


p—e' = (4-1) (12) 
z z 
For a given value 29’ of z’ (1= or >ze’ > or =0) equation (12) represents 


a straight line which makes an angle +/4 with the positive direction of the 
axisOP. As a increases from 0 to 2 the intercept on the p-axis increases 


from — >= i) to = +1, and the intercept on the p’-axis decreases 


Zo Zo’ 





March, 1923] PERIOD OF BIFILAR PENDULUM 271 


from = —1 to -(4 +41). Hence W will be numerically less than 
Zo 


unity for all points (po, po’) lying within the first quadrant and 
between the two extreme positions of line (12), that is, within the open 
area ABOCD. In the figure, the lines BA and CD correspond respec- 
“a toa=0anda=2. When 29’ assumes its greatest possible value 
, ‘¢o=/2), the line BA will pass through the origin while CD will 
join the points (2, 0) and (0, —2). The area EOFG is the least attain- 
able. 


--------© 


ee 


‘ 








i 
Vj 
A 


After (1+¥)* has been expanded and multiplied (in effect) by the 
series representing the remaining factors of the integrand (9’) the 
resulting series is integrated term by term. In order that the final 
series be convergent, and represent its function, etc., it is sufficient for 
the product series to be uniformly convergent. Therefore it must be 
shown that ¥ remains definitely less than unity as z’ (or sin*¢) increases 
from 0 to zo’ (or sin’), for ¢ is integrated from 0 to 4/2. 

Let a definite (positive) value be assigned to ¢o. Then 29’ is fixed 
by the definitional relation zo’ =sin’$o, and its value determines unique- 
ly the intercepts of the lines BA and CD. Next choose po and po’ for 
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any point within the open area ABOCD. po’ and zo’ determine « 
since «° = yo'/4=29'/(4p0'). Then po and « determine 6 since & = pox’. 
The values of ¢o, x, and 6 thus chosen (graphically) will make v, 
numerically less than 1. Retaining the same values of 6 and « while 
causing ¢ (or 2’) to increase from 0 to ¢o (or 20’) will mot necessarily 
make W continuously less than unity in magnitude as it changes from 


0 to its final value Wo. There is a source of difficulty here which requires 
careful consideration. 


If po be chosen less than é. +1 (i.e. the fixed intercept OC) then the 
Zo 


point (po, p’) will start on the axis OP and will move parallel to the 
axis OP’ as z’ increases from 0 to zo’. During the entire change of 
ordinate from 0 to po’ the moving point will remain between the lines 
BA and CD so that W will stay below unity in absolute value as it 
changes continuously from 0 to Wo. 


But if po be chosen greater than ; 





- +1, (po =OH), the moving point 
20 

has to cross the region P CD from H to I before it enters the open area 

ABOCD. During this passage from H to J it is possible for the corre- 


sponding value of W to exceed unity. This happens whenever the 


moving line p—p’ = a overtakes and passes the point on the line 


HI whose ordinate is p’=z'/yo’ thus causing the point to fall to the 
right of the moving line and not between this line and its companion 
p—p'= ~(4-1). Obviously these two lines move in from plus 
infinity and minus infinity toward the final positions CD and BA 
respectively as z’ increases from 0 to 2’. 

A numerical illustration may not be superfluous at this stage. Take 
the consistent set of data zo’=14, po=13, and po’ =25/2 which lead 
to x9’ =13/25, yo’ =1/25, and ¥W=—4. Keeping the same values 
for xo’ and yo’ let 2’ vary. p’=2'/yo'=25z’ hence W=2'(12-252’). 
When 2’ =(6+4/11)/25 and 2’ =(6—4/11)/25 then ¥=+1. The 
corresponding values of p’ are 6+4+/11=9.317 and 6—/11=2.683. 


The ordinates p’ of the moving boundary line p— p’ =1 +1, pertaining 
Z 
to the same po= 13 and to the two values of z’ just given, are respec- 


tively p’=6+4/11 and 6— 4/11, that is, the line passes through the 
points in question. When z’=6/25, ¥ attains the maximum value 
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1.44 with p’=6. In this case the boundary line has p’=47/6=7% 
for poe=13, hence the line has passed to the left of the point (13, 6). 
Accordingly it is evident that the open area ABOCD includes points 


which cause ¥ to exceed unity when po is greater than Ay. 
Zo 


The inadmissible part of the region ABOCD may be discovered from 
a consideration of the maxima of ¥. Keeping xo’ and yo’ constant 
consider 


va ‘(po—-——1) 
Yo 
av 22’ 
aoe parE trey, 
02 Vo 


Hence, for a maximum 2,’ =4yo (po—1) = 4(x0o’ — yo’) and 

Vm = 490 (po—1)*. 
Since z’=p’y’ the locus of points corresponding to the maxima of ¥ 
is the straight line 


p—2p’=1, 
which crosses the boundary line 
me 
ep eum +1 


Zo’ 


at the point (2.41, +} i.e. at L. 
Z0 Zo 
Putting ¥,,=1 we obtain the parabola 
yo (po—1)? =4 
or 
(p—1)?= = p’. 
Zo 
This curve has its axis coincident with the line p=1, its vertex at 
the point (1,0), and it is tangent to the fixed boundary line CD at the 
point ZL. The only portion tf the parabola which interests us is that 
which lies above the point L. In this region, the expression 4— 
yo (po—1)* or xf [4p0’ —ze’(po—1)*] is positive or negative according as 
Po 
the point (0, po’) lies on the left or on the right of the parabola respec- 
tively. Therefore let ¥ be written in the form 


Gai- { 414-0 (oe —1)7]+ +[3 yo’ (po—1) —2" }} (13) 


Suppose the originally chosen point (po, po”) lies within the closed area 
NBOCLN so that the first bracket in formula (13) is positive. When 
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‘=0 the quantity between the braces equals unity and ¥=0. As 2’ 
begins to increase from zero (po >1) the second bracketed and squared 
expression decreases so that the total value within the braces decreases 
to a minimum which is attained when z’=4yo'(po—1). Thus ¥ has, 
at this juncture, a maximum value which is positive and less than 
unity. Since z’ = p’yo’ the last equation involving z’ reduces to po— 2p’ 
= 1 which shows (as a general check) that the maximum value of ¥ is 
attained where the line p= po intersects the locus of maxima KM. 

After having passed the crisis of the maximum safely there is no 
subsequent danger of the numerical value of Y exceeding unity for, as 
z’ continues to increase, Y may eventually pass through zero and 
become negative but it cannot attain the value —1 because the left 
boundary of the region of safety is the line BA to the right of which 
¥>—-—1. 

It may be remarked parenthetically that the cases po=1 or po <1 are 
of no significance since the starting point (z’=0) would be at the left 
of C and hence within the area of safety NBOCLN. Points on the 
parabola below L would give ¥=1 for values of z’ greater than 2)’ 
which fact is unimportant since z’ may not exceed 29’. 

Returning to function (9’) we observe that the second bracketed 
expression may be written 


§-1(1—¢)-# [1 to) | * 


where o =sin?4¢=sin’$¢,sin*t. Since ¢» is less than x the first radical 
will require no further limiting of the area NBOCLN. In fact this 
radical pertains to the complete elliptic integral usually symbolized 
by K or F {4x, k } with k=sind¢o. 

The second radical contains 1 —(sin*¢) / (48*) or 1—2'/x’ or 1—p’/p. 
Since p’/p must be less than unity this radical requires the left bound- 
ary in the figure to be taken as the line p—p’ =0 (OZ) instead of the 
line BA. The upper point of intersection R of the parabola and the 
straight line OE has the codrdinates 

p=p' =(2+20' +2V1+20') /z0’. 
When 2o’/xo’ is less than unity there can be no trouble with 2’/x9’ 
since 2’ =2'o or 2’ <2’. 

Consequently series (10) will be convergent for all points (9, po’) 
chosen inside of the closed area ROCLR. 


SLOANE Puysics LABORATORY 
Yare University 
Novemser 9, 1922 





NOTE ON THE SHRINKAGE OF PHOTOGRAPHIC 
FILMS* 


By Harvey L. Curtis 


The amount which a photographic film shrinks during the developing 
and drying process is of importance when visual measurements are to 
be compared with those recorded on a film. The uniformity of shrink- 
age is important whenever measurements are to be made on films. 
As the author was unable to find any published data on this subject, 
some experiments were undertaken to determine both the amount of 
shrinkage and the uniformity of shrinkage. 

The method used was to make a contact exposure of a scale ruled 
in the metallic surface of a mirror. This scale consisted of eight lines 
each 5 cm apart. After exposure the films were developed, washed, 
and dried. A characteristic set of data is given in Table 1. 


TaBLe 1. Shrinkage of Film 
Shrinkage over 40 cm length of film 











Bottom Bottom 





0.58% 

















Bottom 





0.99% 0.95% 
0.63 0.98 
0.84 1.27 

















0.82% 1.07% 





*Published by permission of the Director of the Bureau of Standards of the U.S. Depart- 
ment of Commerce. 
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Shrinkage over 5 cm length of film 








8B 





In region marked 2nd end above 





Top Bottom 





nee 0.28% 0.45% 
2nd. . : 0.73 0.82 
Srd.... af 0.91 0.50 











WR nade: dcensvel 0.64% 0.59% 


In Table 1, data are given on four separate films, all of which were 
of the same lot and received the same treatment. The films were about 
150 cm long so that it was possible to make three exposures of the scale 
on each film. 

The above results show that the shrinkage almost always exceeds 
one-half of one percent. The variation in shrinkage is appreciable 
in most films. In film 6 A the variation is small. In all of the others, 
the variation is as much as 0.2%, and in one case 6 B, is more than 
0.6%. 

Some work has been done to show the effect of varying the develop- 
ing and drying processes. The only variation that has given positive 
results is the use of alcohol for hastening the drying process. This 
appreciably increases the amount of shrinkage but the variation in 
shrinkage is not greatly changed. 

This work was an incidental part of another research problem. 
On account of the paucity of published data in this field, it seems 
worth while to present that which has been obtained. It is hoped 
that this will stimulate further and more careful investigation. 


Bureau or STANDARDS, 
Wasuincton, D. C. 
NovemBer 25, 1922 (3). 





AN IMPROVED SLIDE WIRE RESISTANCE 


By Enocn KARRER AND A. PoriTsKy 


This note is to describe briefly a method of construction of a slide 
wire resistance that has given excellent service where small voltage is 
concerned and where uniform and continuous changes of resistance 
are desired. 

The construction which for the most part is not novel, is shown in 
Fig. 1. It consists of a wire mounted horizontally between two binding 
posts (EF, Fig. 1) on a slate base, and a contact which slides along this 
wire. A convenient binding post is of a type shown in Fig. 2, where a 
slot (8, Fig. 2) receives the resistance wire that may be of any size 


1 F 


g 
1 |RESISTOR SUDING CONTACT 


GUIDE} BINDING POSTS 
oe 


= z —_™ .~ 

















—- 
acrh 


SLATE BASE) 











'D 
Fic. 1. Side view of resistance. Sections AB and CD are detailed in Figs. 2 and 3. 


and shape within wide limits. We have used wire as fine as 0.050 mm 
diameter up to ribbon 2mm X12 mm in cross section. Of course, when 
very fine wires are used they must have a small temperature coefficient 
for otherwise, slight air currents may become troublesome. 

What we call attention to as an improvement is the sliding contact 
(CD, Fig. 1) whose sectional detail is given in Fig. 3. This contact is 
made by a set of wires (10, Fig. 3) bearing against the resistor (11, Fig. 
3). The contact wires (number and size depending upon the current 
to be carried) are wound around, and soldered to two cross arms (9). 
A pair of the cross arms is attached to each of the two prongs or jaws 
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of a phosphor bronze spring clamp (8), so that the contact wires bear 
upon the resistor latterally from two opposite directions. The phos- 
phor bronze clamp is supported by a strip (7) of the same material, 
which acts also as the conductor between the contact wires and the 
binding post (4) mounted upon a metal plate (3) sliding over the guide 
(2). The slider has a set screw (6). 
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Fic. 2. Section AB of Fig. 1. 1—Slate Base. 2—Locking Nut. 3—Resistor. 4—Clamp- 
ing Nut. 5—Binding Post. 6—Thumb Nut. 7—Binding Post. 8—Resistor Slot. 


If it is desirable to have the contact wires and leads of the same 
material as the resistor, then the contact wires are connected directly 
to the binding post (4), which must in this case be insulated from the 
phosphor bronze clamp. 

Resistances constructed along this line have proved to be very re- 
liable as the branch resistances of Wheatstone bridge setups for many 
purposes where the ordinary slide wire resistances are quite unsuited. 


LABORATORY OF APPLIED SCIENCE, 
NEA Park, CLEVELAND, OnIO. 
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Fic. 3. Sliding Contact (Section CD, Fig. 1). 1—Slate Base. 2—Guide. 3—Slider. 
4—Binding Post. 5—Thumb Nut. 6—Clamping Screw. 7—Phosphor-bronze Support. 
8—Phosphor-bronze Clamp. 9—Cross arms. 10—Contact Wires. 11—Resistor Wire. 
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Impact Ionization by Low-Speed Positive H-ions in Hydrogen. 
—Attempt to reverse the conditions of the Franck-Hertz experiment 
so as to decide what, if any, is the minimum speed at which positively- 
charged hydrogen nuclei must be moving in order to ionize hydrogen 
molecules. The ions are generated in a hollow cylinder, through a 
window in the side of which thermionic electrons pass with a speed of 
18 volts and ionize the hydrogen molecules inside; the positive ions 
pass out through the open end of the cylinder, going into a region 
where a potential-drop of eighteen volts or greater accelerates them 
and drives back whatever thermionic electrons may have wandered 
out that way; then the positive ions in turn are driven back by a re- 
tarding voltage and only the electrons which they produce in the last 
part of their track are attracted onwards to the collecting electrode. 
The experimental conditions are good, so far as cleanness of tube and 
purity of gas are concerned; but they are, apparently, hopelessly 
doomed to be always worse than when the ionizing-potential for elec- 
tron-impacts is being measured, because the density of hydrogen must 
be kept high enough to get a good supply of ions to start with, and the 
accelerating-voltage (the important physical variable) must not fall 
below the voltage of the original thermionic electrons, which in turn 
must stay above some 16 volts to give a sufficient ion supply. The 
only thing Saxton can really test, then, is whether the hydrogen ions 
produce further ionization when moving with the minimum feasible 
speed of 18 volts, or whether a higher speed is requisite. The answer 
is that the hydrogen ions do produce observable ionization when 
moving with a speed of 18 volts; electrons do appear in the parts of 
the apparatus from which the thermionic electrons are excluded by 
retarding potentials. Another set of readings indicates that the 
number of molecules ionized is proportional to the number of ions sent 
out, but less than 1% as great for 100-volt ions; whereas electrons 
under the same conditions produce about one ion per electron. [Sax- 
ton, A. J., (Sheffield). Phil. Mag. 44, pp. 809-823; 1922.] 

Kari K. Darrow 








THE PERFORMANCE OF CROSSED-COIL SYSTEMS 
IN DIRECT-READING OHMMETERS' 


By ArTHur STEINERT 


The measurement of resistances with instruments which are direct 
reading and independent of variations in the measurement voltage is 
attained by the use of crossed-coil systems. The means which are 
available for influencing the scale of such an ohmmeter will be ex- 
plained in the following: 

Fig. 1 shows a simple arrangement of circuits with a crossed-coil 
system. 5S, and S, are two coils mounted on a vertical shaft at an 
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Fic. 1. Circuits of crossed-coil ohmmeter (diagrammatic). 


angle @ with each other, and connected to the same source of voltage. 
The crossed coils are shown in perspective in Fig. 2. The coils can 
also be arranged one above the other. The dimensions of the coils are 
approximately equal; let them have m, and mz turns respectively. If 
the two coils are traversed by currents i, and i, respectively, they 

1 This article appeared originally in Elektrotechnische Zeitschrift 42, p. 1331, 1921. 
At the request of several of our readers, and with the permission of the editors of ETZ, the 


paper has been translated and prepared for publication in this Journat by H. B. Brooks, 
Bureau of Standards. 
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produce the magnetic fields Z, and Z: perpendicular to the planes of 
the coils (Fig. 3), and these form the resultant field Z. If such a coil 
system, free from all other directive forces, is placed in a magnetic 
field with parallel lines of force N-S, the coil system will act like a 
magnetic needle and will set itself so that the direction of the resultant 
coil field Z coincides with the direction of the magnetic field N-S. 

It follows from this that the position of the coil system is determined 
only by the direction of the resultant coil field Z, while the magnitude 
of this field is without influence on the coil position. The direction of 











lron Core 


Fic. 2. Crossed-coil system with iron core. 


the resultant coil field Z can be changed only by altering the ratio 
of the two fields Z, and Z; or the currents i; and iz. A change in the 
measurement voltage is therefore without effect on the deflection 
angle a because both components of the resultant field change in 
proportion to the voltage and hence affect only the magnitude of the 
resultant field Z. 

If only one coil S; carries a current, it will set its plane perpendicular 
to the direction of the field N-S in the position 0-0. If we assume this 
as the initial position, then when current flows through both coils the 
angle of deflection a between the plane of the coil S, and the initial 
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position 0-0, and therefore the deflection of the pointer, will be given 
by the relation 


Z=Z24+2Z7—2Z;22 cos @ (1) 
2_7.2 
Cos a= Z+Zi-Zi (2) 
2Z,Z 
sin ¢ (3) 
Z,/Z2—cos @ 
The component Z, is proportional to the ampere-turns m,i;, the 
component Z; to the ampere-turns m2 iz. If we put :/n2=k, we get 
tan a= — ° 2 (4) 
ki,/i2—Ccos @ 


tan a= 

















Fic. 3. Magnetic field relations of crossed-coil ohmmeter. 


Equation 4 gives the relation between the deflection and the currents 
flowing in the crossed coils. It also shows the independence of the 
deflection from the measurement voltage, if the two currents 7, and i: 
are supplied by the same voltage. 

The ratio i,/i2 can be computed for every circuit in which the crossed- 
coil system is to be used. For example, in the circuit shown in Fig. 1 
we get 

e 
ni atx 


fren. TS (5) 
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The value of 4,/i2 derived from eq. (5), inserted in eq. (4) gives for 
each value of x the corresponding angular deflection. By suitable 
choice of the angle ¢ between the coils and that of the constant k, etc., 
one is able to obtain the most suitable scale characteristics for a given 
range. In the circuits shown in Fig. 1, if x is infinite, tan « and 
hence a is equal to zero. 

If for x=0, ki,/iz is chosen equal to cos ¢, tan « becomes infinite, 
that is, a equals 90°. Hence in this case the scale interval 0 to 90° 
corresponds to a resistance range of zero to infinity. 

In the preceding it has been assumed that the crossed coils are in a 
magnetic field with parallel Jines of force and that they are free from 
all extraneous forces. However, since the current leads to the coils, 
which are of very fine metal strips, have some elasticity, the coil system 
cannot be entirely free from directive forces, and it is essential for 
accurate indications that the magnetic directive forces be so strong 
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Fic. 4. Crossed-coil system in magnetic field having parallel lines of force. 


that the elasticity of the current leads and the pivot friction can be 
neglected in comparison with the magnetic directive forces. But these 
latter are greater, the stronger the magnetic field N-S. A magnetic 
field with parallel lines of force presupposes parallel plane surfaces 
between the core and the polepieces. This construction, however, 
would require very large air gaps to allow the coils to rotate, (Fig. 4) 
and the field strength in the gap and with it the definiteness of setting 
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of the system is small. Since to obtain a definite setting it is necessary 
only that the magnetic field in which the coils are located should have a 
definite direction, it is customary to use magnetic fields whose forms 
can be seen from the shapes of polepieces shown in Fig. 5. The resul- 
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Fic. 5. Forms of polepieces and cores used in crossed-coil ohmmeters. 


tant field Z will then set itself in the position of maximum flux density. 
It may be seen that any distortion whatever of the field, brought about 
by specially shaping the polepieces, cannot appreciably alter the char- 
acter of the scale, but can only effect an alteration of the limiting 
positions. 
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The Diffraction of Hertzian Waves by a Space Lattice.— 
Kapzov undertook the preparation of a space-lattice on a grand scale 
to diffract Hertzian waves as the atoms of a crystal diffract X-rays, 
and was conspicuously successful. His space-lattice consisted of more 
than 2000 sections of copper pipe, each 12 mm long and 3 mm in diame- 
ter; they were arranged in a rhombohedral lattice, the centres occupy- 
ing the corners of little rectangular prisms 4 by 4.5 by 6 cm (sometimes 
4 by 4.5 by9cm). A parallel beam of Hertzian waves of wave-length 
3 cm fell upon this lattice, and the angle of incidence was varied by 
revolving a table on which the lattice stood, analogous to the X-ray 
spectrometer table; while a thermal detector was revolved around the 
periphery of a circle surrounding the lattice, like the ionization-chamber 
of the X-ray apparatus. Strong and sharp first-, second-, and third- 
order reflections were observed in the directions given by the Bragg 
conditions Sin @=\/2d, Sin @=2A/2d and Sin 6=3)\/2d, where \ 
denotes the wave-length of the radiation and d the grating-spacing 
between planes parallel to the “surface” or outer layer of the grating. 
The grating in these cases was only six or seven layers deep, and this 
was sufficient to give very smooth curves with prominent maxima 
and minima. A single layer gave a curve in which the reflection 


diminishes steadily with increasing angle of incidence. It is interesting 
to note that the incident waves were very highly damped, and that 
the diffracted waves had exactly the wave-length calculated from the 
Bragg relation, while the primary waves were about ten per cent 
longer. [Kapzov, N., (Moscow). Ann. d. Phys. 69, pp. 112-124; 
1922.] 


Kart K. Darrow 








